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Abstract

Graph polynomials are polynomials associated to graphs that encode the number
of subgraphs with given properties. We list different frameworks used to define
graph polynomials in the literature. We present the edge elimination polynomial
and introduce several graph polynomials equivalent to it. Thereby, we connect a
recursive definition to the counting of colorings and to the counting of (spanning)
subgraphs. Furthermore, we define a graph polynomial that not only generalizes
the mentioned, but also many of the well-known graph polynomials, including
the Potts model, the matching polynomial, the trivariate chromatic polynomial
and the subgraph component polynomial. We proof a recurrence relation for this
graph polynomial using edge and vertex operation. The definitions and state-
ments are given in such a way that most of them are also valid in the case of
hypergraphs.
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Chapter 1

Introduction

In graph theory, as in discrete mathematics in general, not only the existence, but
also the counting of objects with some given properties, is of main interest. To
count and to encode the number of structures with given properties, generating
functions, formally written as polynomials, are widely used. With respect to
graphs, we speak about graph polynomials that count the number of subgraphs
with given properties.

A graph can nowadays be easily described as the abstraction of a network. It
consists of a set of vertices and a set of edges, where each edge connects at most
two vertices with each other. A graph polynomial is a polynomial associated
to a graph, such that the same polynomial is assigned to graphs arising from a
relabeling of the vertices.

While some graph polynomials, for instance the [characteristic polynomiall
the [chromatic polynomiall the matching polynomiall and the [Tutte polynomiall
are already studied intensively and also their relations are well known, this does
not hold for graph polynomials in general. In fact, as more and more specific
graph structures, and consequently the corresponding subgraphs, have been an-
alyzed, for many of these a generating function and thereby a graph polynomial
has been defined. Hence, there is a multitude of graph polynomials — called “the
zoo of graph polynomials” following a suggestion of Zaslavsky [99, footnote on
page 1] — whose similarities and differences, and hence whose relations, are not
yet clarified.

The main aim of this dissertation is to give a substantial contribution to the
long-term goal of establishing a “general theory of graph polynomials”, a term
used by Makowsky in the title of [[100]. It is clear, that this will not be possible
in an one-to-one-meaning, as the nature of graph polynomials differs extremely
depending on the context in which these are defined.

We have both perspectives on graph polynomials, a very general one by ob-
serving in which frameworks graph polynomials can be defined, and a very spe-
cific one exploring a specific graph polynomial, the fedge elimination polynomial|
We bring both perspectives together by introducing several graph polynomials
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which are equivalent to the [edge elimination polynomiall that means these can
be calculated (for a given graph) from the |edge elimination polynomiall (of this
graph) and vice versa, but are defined in different frameworks. By using an
appropriate graph polynomial we can show some properties valid for all these
equivalent graph polynomials, which may be much harder to prove starting from
another definition. These results provide some evidence that it makes sense to
consider equivalent graph polynomials.

Related to this is the topic of recurrence relations for graph polynomials.
These either can be stated for given graph polynomials, or can be used to define
some. While in the first case, the problem to find (and prove) a recurrence re-
lation, in the second case, to find a combinatorial interpretation of the specified
graph polynomial may be challenging. Again, we give some general results on
recurrence relations and some specific results on single graph polynomials.

Another focus lies on the definition of (slightly more general) graph polyno-
mials unifying several of the major graph polynomials. Regarding this, we define
the |generalized subgraph counting polynomial]l This graph polynomial gener-
alizes two classes of graph polynomials, those satisfying a recurrence relation
with respect to some edge operations and those satisfying a recurrence relation
with respect to some vertex operations. We prove that the [generalized subgraph|
[counting polynomial|itself also obeys a recurrence relation.

While we have mentioned only graphs until now, many results are also valid
for the more general case of hypergraphs, where in a hypergraph each edge may
be connect an arbitrary number of vertices.

1.1 “Graph Polynomials and Their Representations”

The title of this dissertation is chosen to include two possible meanings of the
term “representation” in connection with graph polynomials.

Mainly, by “representations for graph polynomials” we mean the frameworks
(ways, formalisms, concepts) used to define graph polynomials. Thus, we are
talking about an ‘ledge subset representation|’ and a ‘|coloring representation” if a
graph polynomial is defined as a sum over edge subsets and as a sum over color-
ings, respectively. As the name suggests, the |chromatic polynomial|is originally
defined in terms of colorings and therefore by a|coloring representation|

Furthermore, it seems to be possible to expand this meaning and to refer to a
graph polynomial equivalent to another graph polynomial, but defined in another
framework (representation), as a “representation” of the given graph polynomial.
With this meaning, a representation of the |chromatic polynomialis for example
the |adjoint polynomiall which is defined as a sum over partitions and can be
derived from the [chromatic polynomial| by replacing the falling factorials in an
appropriate formulation by powers, and vice versa.

Another frequently used term is an “expansion” of a graph polynomial, which
denotes an equivalent graph polynomial (defined in another framework) yielding
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exactly the same graph polynomial. Many expansions of the [chromatic poly-

nomiall are known, including an ‘edge subset expansionl” stating the |chromatic
[polynomialas a sum over edge subsets.

While the term “representation” is rarely used in the literature and not nec-
essarily in the same meaning, the term “expansion” with respect to graph poly-
nomials is widely used with the same meaning. As an example, in the article “Ex-
pansions of the |chromatic polynomial]’ Biggs states several different ways
the [chromatic polynomial| can be defined. The first usage in this direction seems

to be Whitney’s “A logical expansion in mathematics” [[152], where the

and the [broken-cycle expansion| of the [chromatic polynomiall are
given (not using these terms explicitly). The term is often used as “subset expan-

sion”, which half the times denotes what we denote as “edge subset expansion”,
but in the other cases refers to a sum or product over some other ground set than
the edge set.

A related term is “type analog”, which is used by Sarmiento to express
that (two) graph polynomials are stated using similar formalisms: “That is, both
polynomials ‘look similar’ in the sense that” replacing some term by another, one
graph polynomial is transformed into another.

1.2 Literature, Own Contributions and Publications

The point of origin of the present research was the definition of the
[tion polynomial| in connection with the search for graph polynomials satisfying
some recurrence relations and relations between graph polynomials following
from such recurrence relations. Namely we want to mention the following liter-
ature:

e “From a zoo to a zoology: Towards a general theory of graph polynomials”
[100],

e “A most general ledge elimination polynomial] and “An extension of the
[variate chromatic polynomiall’, both introducing theledge elimination poly-|

B8
e some surveys on graph polynomials 108;[113].
My own contributions are in particular the definition of the

[ponents polynomial| the [subgraph counting polynomiall the|trivariate chromatic]
(all equivalent to the [edge elimination polynomial) and the
lalized subgraph counting polynomiall together with the statement concerning
these graph polynomials.

Some of these results are already published or submitted:

e “The [covered components polynomial; A new representation of the
lelimination polynomiall’, introducing the [covered components polynomiall
published as [139],
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e “From spanning forests to edge subsets”, relating |[spanning forest repre-|
[sentation| and edge subset representation| a preprint is published as [[137]],
submitted to Ars Mathematica Contemporanea,

e “Proving properties of the |edge elimination polynomial using equivalent
graph polynomials”, introducing the [subgraph counting polynomial| and
the |trivariate chromatic polynomiall a preprint is published as [138], sub-
mitted to Congressus Numerantium.

1.3 Organization of This Thesis

This thesis consists of six chapters and one appendix, where Chapter[2Jand Chap-
ter [6] provide the necessary terms and a conclusion, respectively. The chapters
between are mostly self-contained and can be read in arbitrary order, while the
given order is the one suggested.

In Chapter [2| all definitions and notations used throughout the work, with
exception of the definition of the graph polynomials, are given.

Then we investigate possible ways to define graph polynomials, the represen-
tations for graph polynomials, in Chapter[3] The first section is in an extensive but
not exhaustive overview about the frameworks used in the literature, expanded
by some first classification of them. Relations between representations are given
in the second section. The third section is especially devoted to recurrence rela-
tions.

In Chapter [4] the |edge elimination polynomials| are considered, which in-
clude the [edge elimination polynomialland the graph polynomials equivalent to
it. We start with a short introduction of the |edge elimination polynomiall and
then present several equivalent graph polynomials. Their combinatorial inter-
pretations are used to prove some properties valid for all fedge elimination poly-|
and some relations to other graph polynomials.

A new graph polynomial, the [generalized subgraph counting polynomiall is
defined in Chapter [5| This proceeds the results of the previous chapter as it
generalizes some of them. The main theorem there is the recurrence relation
applicable also for hypergraphs, which easily enables to derive many well-known
graph polynomials and their recurrence relations from it.

For the sake of convenience, in Appendix[A]we itemize references and defini-
tions for all mentioned graph polynomials, and in the Glossary the occurrences of
the significant terms, including the representations, expansions and graph poly-
nomials, are given.




Chapter 2

Basics in Graph Theory

In this chapter we introduce some graph theory we make use of. Because we dis-
cuss a multitude of different graphs polynomials, we touch a lot of miscellaneous
areas of graph theory, and, consequently, a long list of definitions and notations
is necessary.

While we try to define every term applied, previous knowledge of graph the-
ory as presented in standard textbooks (|10} |15} 25} 28} |47} 65} |144] may be advan-
tageous. Readers familiar with this topic may skip to the next chapter.

For the sake of convenience, we use the terms used for graphs also for hyper-
graphs, for example we speak about “graph polynomial” and “subgraph” instead
“hypergraph polynomials” and “subhypergraphs”. Consequently, corresponding
theorems will only differ on the assumption of a graph or a hypergraph.

Preliminary, we present the following (non-graph-theoretic) notations: For
elements sq,..., Sk, by {s1,...,sc} and {s1,...,sx}* we denote the set and the
multiset of these elements, and by [{sy, ..., sg}| and |{s1, . .., sk }*| we denote their
cardinality, respectively. For sets A, B (with A C B), the interval [A, B] is the set
of subsets of B, which are supersets of A. For a set S, (i) denotes the set of k-
element subsets of S. For a statement S, let [S] be equal to 1, if S is true, and 0
otherwise [86].

2.1 Graphs and Hypergraphs

Definition 2.1. A graph G = (V,E) is an ordered pair of a set of vertices, the
vertex set V, and a multiset of edges, the edge set E, such that each edge is a one-
or two-element subset of the vertex set, i.e. e € (‘;) U (‘g) foralle € E. An edge

e € E is a link, if it is a two-element subsets of V, i.e. e € (‘g), and a loop, if it is

an one-element subset of V, ie. e € (‘;)

Definition 2.2. A simple graph is a graph G = (V, E), where each edge is a link
and the edge set is a set, i.e. E C ‘g .
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Definition 2.3. The edgeless graph on n vertices, denoted by E,, is a (simple)
graph with n vertices and no edge. The complete graph on n vertices, denoted
by K,, is a simple graph with n vertices and the edge set equals the set of two-
element subsets of the vertex set.

Definition 2.4. A hypergraph G = (V,E) is an ordered pair of a set of vertices,
the vertex set V, and a multiset of (hyper)edges, the edge set E, such that each
edge is a non-empty subset of the vertex set,i.e.e C V foralle € E.

Consequently, a graph is a hypergraph G = (V, E), where each edge is a set
of at most two vertices: |e| < 2foralle € E.

For the sake of convenience, we assume that the vertices are not sets itself, to
avoid confusion between a vertex and an edge.

Definition 2.5. Let G = (V, E) be a hypergraph. We refer to the vertex set and
to the edge set of G by V(G) and E(G), respectively. A vertex v € V and an edge
e € E are incident (to each other), if v € e. Two edges e, f € E of G are adjacent
(to each other), if e N f # 0.

Definition 2.6. Let G = (V, E) be a hypergraph and v € V a vertex of G. The
degree of v in G, deg(G, v), is the number of edges incident to v:

deg(G,v) = {e € E | v € e}7|. (2.1)
By deg™'(G, i) we denote the number of vertices with degree i in G:
deg (G, i) = |{v € V | deg(G,v) = i}|. (2.2)

I(G) and i(G) denote the set of isolated vertices in G, i.e. the set of vertices with
degree 0, and the number of isolated vertices in G, respectively:

I(G) = {v € V| deg(G,v) = 0}, (2.3)
i(G) = |I(G)| = deg (G, 0). (2.4)

2.2 Homomorphisms and Isomorphisms

Definition 2.7. Let G = (V,E) and G’ = (V’, E’) be hypergraphs. A homomor-
phism from G to G’ is a function f: V. — V’, such that for each edge e € E it
holds

U {f(v)} € E. (2.5)

vee

In other words, a homomorphism maps (the incident vertices of) an edge of
G to (the incident vertices of) an edge of G’. Thereby it is possible that no, one or
several edges of G are mapped to the same edge of G”:

{U{f(z;)} |ecE} cE. (2.6)

vee
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For the counting of homomorphisms it is usual to also consider which edge of
G is mapped to which edge of G’, that means to count functions mapping vertices
to vertices and edges to edges.

Definition 2.8. Let G = (V,E) and G’ = (V’, E’) be hypergraphs. The number
of homomorphisms from G to G’, denoted by hom(G, G), is defined as

hom(G, G’) = Z [Vo e VVe e E: v ee = f(v) € fle)]. (2.7)

vV’
f: {E—>E’

For simple graphs G and G’ (in fact if G’ has no parallel edges), a homomor-
phism is given by the function mapping the vertex sets. Hence,

hom(G, G') = Z Ve € E: U (f()) e E]. (2.8)

f:V-oV’ veEe

This can be extended to the general case of hypergraphs by considering the
number of edges of E’, to which each edge of E can be mapped:

hom(G,G')=  » ]—”{e' e | Jifw) = e'}*|. (2.9)

f:V—oV’e€E vEe

This definition is similar to those used by Garijo, Goodall and Nesgetfil [59,
Subsection 2.1].

Definition 2.9. Let G = (V,E) and G’ = (V’, E’) be hypergraphs. An isomor-
phism from G into G’ is a bijective homomorphism, that is a bijective function
f:V — V’, such that

U{f |eeE =F. (2.10)

vee

The hypergraphs G and G” are isomorphic, if there is an isomorphism from G into
G’

In other words, G and G’ are isomorphic, if G’ can be obtained by a relabeling
of the vertices of G.
2.3 Graph Invariants and Graph Polynomials

Definition 2.10. Let G be the set of hypergraphs and S some set. A graph
invariant is a function f: G — 8, such that for isomorphic graphs G,G" € G it
holds

f(G) = f(G). (2.11)
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Definition 2.11. Let G be the set of hypergraphs and R[x;, ..., xx] the ring
of polynomials in the commuting variables x1, ..., x; over the real numbers. A
graph polynomial P(G, x1, ...,xx) isafunction P: G — R[xy, ..., xx].

Definition 2.12. Let G be the set of hypergraphs. An invariant graph polynomial
is a graph polynomial, which is a graph invariant, that is a function P : G —
R[xi, ..., xk], such that for isomorphic hypergraphs G, G’ € G and commuting
variables x1, ..., xx it holds

P(G,x1,...,xx) = P(G',x1,...,xx). (2.12)

Until otherwise stated, we consider only graph polynomials, which are also
graph invariants, and therefore use “graph polynomial” as abbreviation for “in-
variant graph polynomial”. In case of S = {0,1} and S = IN one usually speaks
about (invariant) graph properties and (invariant) graph parameters, respectively.
While we consider polynomial rings over the real numbers for the definition,
the coeflicients of the graph polynomials investigated in the following are in-
tegers. Furthermore, all variables are commuting, and in case of multivariate
polynomials we define X = (x1, ..., xx) and write R[X] and P(G, X) instead of
R[x1,...,xx] and P(G, x1, . . ., X ), respectively. In particular, by P(G, X) we de-
note an arbitrary graph polynomial. Additionally, we use P(G, X, y) for a graph
polynomial in the variables x;, ..., xk, y.

Definition 2.13. Let G be the set of hypergraphs and P(G, X), P’(G, X) two
graph polynomials. P(G, X) and P’(G, X) are equivalent (to each other), if there
is a bijection f: R[X] — R[X], such that for all graphs G € G it holds

P(G,X) = f(P' (G, X)). (2.13)

Definition 2.14. Let P = P(G, X) be a (graph) polynomial with

P= ) a pxix (2.14)
il ..... ik
where iy, ...,ix € N and a;,,_;, € R. We denote by deg, (P) the degree of x in

P and by [le](P) the sum of all monomials including the variable x; in the power
I, ie.

I i i1 i ;
P) = D7 @i gx e oxf (2.15)

Furthermore, we expand this to several variables and write [xil . -x;j 1(P) instead
of [ ]+ [xV1(P) ).

For a graph polynomial P(G, x) in a single variable x, [x'](P(G, x)) is the
coefficient of x* in P(G, x).
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2.4 Subgraphs and Components

Definition 2.15. Let G = (V,E) and G’ = (V’,E’) be hypergraphs. G’ is a
subgraph of G, denoted by G’ C G, if V/ € V and E’ C E. G’ is a proper subgraph
of G, denoted by G’ C G, if additionally V' c V or E’ C E.

We say G (properly) contains G’ and G’ is (properly) contained in G.

Definition 2.16. Let G = (V, E) be a hypergraph and A C E an edge subset of G.
The spanning subgraph G(A) is the graph

G(A) = (V, A). (2.16)

We say G(A) is the subgraph spanned by A. The spanning subgraph G(A) is
the subgraph obtained from G by deleting the edges of E \ A.

Definition 2.17. Let G = (V, E) be a hypergraph and W C V a vertex subset of
G. The induced subgraph G[W] is the graph

G[W]=W,{e€E]|eC W}). (2.17)

We say G[W] is the subgraph of G induced by W and W induces G[W] in
G. The induced subgraph G[W] is the subgraph obtained from G by deleting the
vertices of V' \ W.

Definition 2.18. Let G = (V, E) be a hypergraph and A C E an edge subset of G.
The edge-induced subgraph G[A] is the graph

Gw:(Ua@. (2.18)

ecA

We say G[A] is the subgraph of G edge-induced by A, A edge-induces G[A]
in G. The edge-induced subgraph G[A] is the subgraph obtained from G by first
deleting the edges of E \ A and then deleting all isolated vertices. In particular,
G[E] is the graph G with all isolated vertices removed.

Definition 2.19. Let G = (V, E) be a hypergraph. A component of G is a subgraph
G’ = (V’,E’), such that for each edge e € E eithere € Ef orenV’ = 0. A
connected component of G is a non-empty component of G minimal with respect
to inclusion. The number of connected components of G is denoted by k(G). If
k(G) = 1, then G is connected.

Definition 2.20. Let G = (V, E) be a hypergraph. A covered component of G is
a component of G including at least one edge. A covered connected component of
G is a connected components of G including at least one edge. The number of
covered connected components of G is denoted by ¢(G).
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Remarks

Please note that especially for the different kind of subgraphs the notation is not
uniform in different textbooks, see 11, Section 1.1;25| Section I.1;|28, Section 2.1,
2.2;147, Section 1.1;/65| Section 1.2;144l Section 1.3].

2.5 Cycles, Forests and Spanning Forests

Definition 2.21. Let G = (V,E) be a graph. G is cyclic, if G has a subgraph
G’ = (V’, E’) including at least one edge, such that for each edge e € E” of G’ it
holds

k(G') = k(G~,). (2.19)
Otherwise, G is acyclic.

Definition 2.22. Let G = (V, E) be a graph. G is a cycle, if G is cyclic and has no
proper cyclic subgraph. G is a forest, if G is acyclic. G is tree, if G is acyclic and
connected.

Definition 2.23. Let G = (V,E) be a graph and A C E an edge subset of G. A
tree T = G(A) = (V, A) is a spanning tree of G. The set of all spanning trees of G is
denoted by 7 (G).

Definition 2.24. Let G = (V,E) be a graph and A C E an edge subset of G. A
forest F = G(A) = (V, A) is a spanning forest of G, if k(G) = k(F). The set of all
spanning forests of G is denoted by ¥ (G).

Remarks

While the term “spanning tree” is unambiguous, the term “spanning forest” is not,
because not every spanning subgraph which is a forest is a “spanning forest” [25,
Section X.5]. A spanning forest is the union of spanning trees for each connected
component.

2.6 Graph Operations

Definition 2.25. Let G = (V,E) and G’ = (V’, E’) be hypergraphs. The union
G U G’ is the graph arising from the union of the vertex sets and edge sets:

GUG =(VUV’',EUE). (2.20)

Definition 2.26. Let G = (V,E) and G’ = (V’, E’) be hypergraphs. The intersec-
tion G N G’ is the graph arising from the intersection of the vertex sets and edge
sets:

GNG =(VNV,ENE). (2.21)
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Definition 2.27. Let G = (V,E) and G’ = (V’, E’) be hypergraphs. The disjoint
union GUG’ is the graph arising from the union of disjoint copies of both graphs.

In other words, first (the vertices of) the graphs are relabeled, such that the
intersection of both graphs is empty, and then the union is formed.

Definition 2.28. Let G = (V,E) be a hypergraph and e € E an edge of G. We
define the following edge operations:

o —e: deletion of the edge e, i.e. e is removed,

e /e: contraction of the edge e, i.e. e is removed and its incident vertices are
merged (parallel edges and loops may occur),

e Te: extraction of the edge e, i.e. the vertices incident to e and their incident
edges (including e itself) are removed.

The arising hypergraphs are denoted by G_., G/, and Gy, respectively.

Definition 2.29. Let G = (V, E) be a hypergraph and e C V a possible edge of G
(with respect to the type of graph). We define the following non-edge operations:

e +e: insertion of the edge e, i.e. e is added,

e /e: contraction of the vertices in e, i.e. the vertices in e are merged (parallel
edges and loops may occur),

The arising hypergraphs are denoted by G.. and G/, respectively.

Definition 2.30. Let G = (V, E) be a hypergraph, v € V avertexand W C V a
vertex subset of G. We define the following vertex operations:

e ou: deletion of the vertex v, i.e. v and its incident edges are removed,

o OW: deletion of all vertices in the vertex subset W, i.e. all verticesv € W
and their incident edges are removed.

The arising hypergraphs are denoted by Gg,, and Ggy , respectively.

Remarks

We use ©W instead of the usual —W for the deletion of the vertex set W from a
graph G = (V, E), because each edge is also a vertex subset, and therefore with
W = e € E we have to distinguish between the deletion of the edge e, —e, and the
deletion of the vertices incident to the edge e, Se. For probably similar reasons
this notation is already used in the literature [57; |80]]. It holds G4, = Gee, but
the first term is defined only for e € E, whereas the second one is defined for any
eCV.
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The defined edge and vertex operations are known from the recurrence rela-
tions for the[chromatic polynomiall see Section[3.3] the[matching polynomial| [56
Theorem 1] and the[independence polynomiall [[68, Proposition 4].

There are several more graph operations that can be found in the literature,
for example:

e vertex contraction 134, Section 5.1],
e insertion of “pseudo-edges”[9, Section 1],

o Kellman’s operation (for adjacent vertices) [43, Definition 2.0.1]

NA-Kellman’s operation (for non-adjacent vertices) [43, Definition 2.8.1],

adaption of two vertices [34} Section 3],

cloning of edges and vertices [78, Section 3].

2.7 Graphs with a Linear Order on the Edge Set

In the following we consider graphs G = (V, E) with a linear order < on the edge
set E. This linear order can be represented by a bijection f: E — {1,...,|E|} for
alle, f € E with

e<f o Ble) < B(f). (2.22)

Definition 2.31 (Section 7 in [[152]]). Let G = (V,E) be a graph with a linear
order < on the edge set E. Let C = (Vc,Ec) € G be a cycle and e € E¢ the
maximal edge of C with respect to <. Then Ec \ {e} is a broken cycle in G with
respect to <. The set of all broken cycles of G with respect to < is denoted by

B(G, <).

Definition 2.32 (Section 3 in [141]])). Let G = (V,E) be a graph with a linear
order < on the edge set E and F = (V,A) € ¥ (G) a spanning forest of G. An
edge e € Ais internally active in F with respect to G and <, if there exists no edge
f € E\A suchthate < f and F_.,s € ¥(G). We denote the set of internally
active edges and the number of internally active edges of F with respect to G and
< by E;(F,G, <) and i(F, G, <), respectively.

An edge e in the spanning forest F is internally active, if it is the maximal
edge of all edges in the cut crossed by e itself (connecting the vertices in the
connected components arising by deleting e from F). In other words, the edge
e can not be replaced by a greater edge (not in the spanning forest), such that F
remains a spanning forest. Hence, formally we have

Ei(F,G,<) = {e € E(F) | Af € E(G) \ E(F): e < f A F_.y € F(G)}.
(2.23)
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Definition 2.33 (Section 3 in [141]]). Let G = (V,E) be a graph with a linear
order < on the edge set E and F = (V,A) € ¥ (G) a spanning forest of G. An
edge f € E\ Ais externally active in F with respect to G and <, if there exists no
edge e € A, such that f < eand F_..r € ¥(G). We denote the set of externally
active edges and the number of externally active edges of F with respect to G and
< by E.(F,G, <) and e(F, G, <), respectively.

An edge f not in the spanning forest F is externally active, if it is the maximal
edge of all edges in the cycle closed by f itself (in the cycle arising by inserting f
into F). In other words, there is no greater edge (in the spanning forest), which
can be replaced by f, such that F remains a spanning forest. Hence, formally we
have

E.(F,G,<) = {f € E(G) \ E(F) | fle € E(F): f < e A F_o.y € F(G)}.
(2.24)

Remarks

In the literature, instead of “broken cycle” often the term “broken circuit” is used,
also in Whitney’s original definition [[151, Section 2; [152, Section 7]. Whitney
uses the term “circuit” for what we call “cycle”, and from this by deleting the
maximal edge (in his words “dropping out the last arc” with respect to a “definite
order” [151, Section 2]) he came to a “broken circuit”. By the same analogy we
get a “broken cycle”.

Furthermore, in the literature a broken cycle is often defined as a subgraph,
here it is given as an edge subset. Whitney’s own definitions are not explicit in
this way and allow both.

Broken-cycle-free edge subsets, same as broken cycles, were first considered
by Whitney and result in the well-known Broken-cycle Theorem [[151, Theorem
1], which states a combinatorial interpretation of the coefficients of the
We present and extend this result in Subsection [3.1.4}

Internally and externally active edges were first used by Tutte [141] to state
the nowadays called [Tutte polynomiall For some background to the
definition of internally and externally active edges and the [Tutte polynomiall see
1851925 145]].

Broken cycles and externally active edges are related as follows: A spanning
forest of G is externally active, if and only if it includes a broken cycle [8, Section
4].

2.8 Partitions of Graphs

Definition 2.34. Let S be a set. A partition = of S is a family of non-empty
disjoint subsets of S, such that their union is S. The elements of 7 are called
blocks and the number of blocks of 7 is denoted by |z|. The set of partitions of S is
denoted by II(S).
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Definition 2.35. Let G = (V, E) be a graph. A (vertex) partition of G is a partition
7 € II(V) of the vertex set V. The set of (vertex) partitions of G is denoted by I1(G).

Definition 2.36. Let G = (V,E) be a graph. A connected partition of G is a
partition 7 € II(G) of the vertex set V, such that G[W] is connected for all W € x,
that is the subgraph induced by the vertices of each block is connected. The set
of connected partitions of G is denoted by II.(G).

Definition 2.37. Let G = (V,E) be a graph. An independent partition of G is a
partition 7 € II(G) of the vertex set V, such that G{[W] is edgeless for all W € =,
that is the subgraph induced by the vertices of each block is edgeless. The set of
independent partitions of G is denoted by IT;(G).

Let < be the usual refinement relation for partitions. Then (II.(G), <) is a
poset and even more it is a lattice, known as bond lattice [118]).

Definition 2.38. Let G = (V, E) be a graph and I1.(G) the set of all connected
partitions of G. We denote the Mobius function and the minimal element of the
lattice (II.(G), <) as pn,(g) = ¢t and GHC(G) = 0, respectively.

2.9 Colorings, Independent Sets and Matchings

Definition 2.39. Let G = (V,E) be a hypergraph. A (vertex) coloring of G is
a function from the vertex set V in some set C, whose elements are referred to
as colors. A k-coloring of G is a function ¢: V — {1,...,k}. A monochromatic
edge of G with respect to some k-coloring ¢ is an edge e € E, such that all vertices
incident to e are mapped to the same color. A proper k-coloring of G is a k-coloring
without any monochromatic edges.

Definition 2.40. Let G = (V, E) be a hypergraph. An independent (vertex) set of
G is a vertex subset W C V of G, such that e € W for all edges e € E.

Definition 2.41. Let G = (V,E) be a hypergraph. A matching of G is an edge
subset A C E, such that for all different edges e, f € Aitholdsen f = 0.

Remarks

It would be also possible to generalize proper colorings to hypergraphs by requir-
ing that any two vertices incident to the same edge should be colored differently.
With respect to proper colorings, this would be equivalent to substitute each hy-
peredge for a set of edges connecting any two vertices incident to the hyperedge
[131, Footnote 2 on page 281].
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2.10 Reconstructability

The reconstruction conjecture of Kelly [85] and Ulam [[146]] states that every graph
G = (V,E) with at least three vertices can be reconstructed from (the isomor-
phism classes) of its deck D (G), which is the multiset of (isomorphism classes) of
vertex-deleted subgraphs, i.e. D(G) = {Ggy | v € V}™.

This question can be “restricted” to a graph polynomial P(G, X) as follows:
Can the graph polynomial of a given graph be reconstructed from the graph
polynomials of its deck?

Definition 2.42. Let G = (V, E) be a graph and P(G, X) a graph polynomial. The
polynomial deck Dp (G) is the multiset

Dp(G) = (P(Gop, X) | v eV}, (2.25)

A graph polynomial is reconstructable from the polynomial deck, if P(G, X) can be
determined from Dp(G).

2.11 Reliability Domination

Definition 2.43 (Equation (2.3) in [81]). Let G = (V,E) be a graph, A C E an
edge subset of G and k € IN. For all edge subsets B C A, the signed domination
d(G, B, k) is recursively defined by

[k(G(A) <kl = )" d(G, B, k). (2.26)
BCA

Theorem 2.44 (Theorem 4.2 in [81]]). Let G = (V,E) be a graph, A C E an edge
subset of G and k € IN. The signed domination d(G, A, k) satisfies

d(G, A, k) = Z (-1)AI=1Bl[k(G(B)) < K]. (2.27)
BCA
Proof. The statement follows directly by Mébius inversion. O

Definition 2.45 (Proposition 2.8 in [82]). Let G = (V,E) be a graph, A C E an
edge subset of G and k € IN. A k-forest of G(A) is a spanning subgraph G(B), such
that G{B) is a forest, B C A and k(G(B)) < k. We denote the set of k-forests of
G(A) by F (G, A, k). A k-formation D of G(A) is a non-empty set of k-forests of
G(A), such that their union is G(A), i.e. a non-empty subset F C 7 (G, A, k) is a k-
formation of G(A), if Uy cr H = G(A). The set of k-formations of G(A) is denoted
by D(G, A, k). The signed domination d’ (G, A, k) is defined as the number of k-
formations of G(A) of odd cardinality minus the number of k-formations of G(A)
of even cardinality, i.e.

d' (G, A k) = Z (-1)IPI-1, (2.28)
DeD(G,Ak)



Remarks

Reliability domination has been defined in order to find a combinatorial inter-
pretation of the coefficients of the [reliability polynomial| R(G, p) [124, Equation
(7].

We give two different definitions for signed domination and show their equiv-
alence in Subsection[3.2.3] Due to Satyanarayana and Tindell [[125| Section 1], the
original definition of signed domination is given by Satyanarayana [123]] in terms
of “formations” of a graph. It is often defined with respect to a vertex subset, this
is considered in many publications by Satyanarayana and his coauthors, see [24;
116]] and the references therein. Another definition was given by Huseby [81;[82]
for “clutters”. Both definitions above orient more on the last one in the case of
graphs with respect to the number of connected components.

Signed domination is also related to spanning trees: The number of spanning
trees having no externally active edge equals the absolute value of the signed
domination d(G, E, 1) 23, Corollary 4.2].




Chapter 3

Representations for
Graph Polynomials

This chapter is devoted to the multitude of different ways and frameworks ap-
plied to define a graph polynomial — to the representations for graph polynomials.

In Section [3.1| we give a survey on different representations used in the liter-
ature. The list does not claim to be exhaustive. However, we hope to mention
the main representatives available in the literature. For each we give an infor-
mal definition, an exemplary graph polynomial defined in this framework, and a
corresponding formulation of the [chromatic polynomiall Thereby we introduce
several well-known graph polynomials and expansions of the [chromatic polyno

Some results that serve as a link between the edge subset representation and
some other representations are presented in Section With exception of the
generalization of the Broken-cycle Theorem, the statements are, in principle, al-
ready known. However, these statements provide good examples for non-obvious
relations between different representations of graph polynomials and either the
proofs, for instance for the relation to reliability domination representation, or
the applications, for instance for the relation to spanning forest representation,
seem to be new.

In Section [3.3| we discuss recurrence relations, used to define graph polyno-
mials or satisfied by them, in more detail. We show some examples and prove
two general results.

3.1 Overview and Definitions

There are various ways to define graph polynomials and in this section we in-
troduce the main patterns we found (with names wherever possible also from
the literature). The given itemization is neither complete nor are the given rep-
resentations formally defined or disjoint. We also mix between how the graph
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polynomials are written down and in which graph theoretic terms these are de-
fined.

For “how the graph polynomials are written down” there are in fact two pos-
sibilities: [value representation] where the number of the counted objects equals
the polynomial at a given value, and [generating function representation| where
the number of counted objects equals a coeflicient of a monomial in the polyno-
mial. There are also graph polynomials which combine both, for example the bad|
[coloring polynomiall which counts for a given number of colors (the variable x)
the number of some edges as a generating function (in the variable z).

For the graph theoretic terms used, there are some more possibilities, which
can be grouped as counting subgraphs, counting mappings and others.

For counting most often spanning subgraphs, given by [edge sub-|
or induced subgraphs, given by a are considered.

[cycles] [reliability domination|and [spanning forests|are in fact defined in terms of
edge subsets, but we list them as single items because of their relevance.

When mappings are counted, there are again three possibilities:

[of the vertex set] imappings of the edge set] and homomorphisms|to some graph,
which are in fact mappings of the vertex and edge set. (mostly
used for graph polynomials defined in physics) and [colorings|are in fact the same
kind of vertex mappings, in the first case the vertices are mapped to a set of
“spins”, in the second to a set of “colors”. Consequently, both differ only in their
“language”, not in the mathematics behind. We add a superior category denoted
{edge mapping representations| to make clear what is meant by a ‘fvertex modell”.

The three “other” representations are using jmatrices|and [matroids|associated
to the graph or|frecurrence relations|

All together, we classify the representations for graph polynomials as follows:

e [value representation|

e |generating function representation|

e |subgraph representationt

- ledge subset representation|

— |broken-cycle representation|

- [reliability domination representation]

— |spanning forest representation)

— [vertex subset representation,

e [vertex mapping representationt

— [spin model

— |coloring representation}

— |partition representation}
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e ledge mapping representationt
-

e homomorphism representation|

e matrix representation,

e matroid representation)

e [recurrence relation representation}

We continue by introducing the representations, a characteristic graph poly-
nomial using this representation, and a corresponding expansion of the[chromatid
[polynomiallone by one. The thereby given list of such expansions is not complete,
missing are, amongst others, some [subgraph expansionss concerning only special
subgraphs [[14;(103].

In the following, we assume G = (V, E) to be a graph with some linear order
< on the edge set E. (While most of the definitions of graph polynomials also
make sense in the case of hypergraphs, some expansion would not be valid.)

3.1.1 Value Representation

A |value representation| states a graph polynomial by a combinatorial interpreta-
tion for given values (mostly integers) of the variables.

The |chromatic polynomiall y (G, x) (for x € IN) is defined [[18;|52]] as the num-
ber of proper (vertex) colorings of G with (at most) x colors,

x(G, x) = |{proper colorings of G with x colors}]|. (3.1)

In fact, from this definition it is not obvious that y(G, x) is a polynomial in x.

3.1.2 Generating Function Representation

A |generating function representation| states a graph polynomial as the generating
function for a number sequence.

The [matching polynomial| M(G, x, y) is defined [56; [64] as the generating
function of the number of matchings with respect to their cardinality,

M(G,x,y) = Zaixlvl_weef‘elyi, (3.2)

i

where ga; is the number of matchings of G with cardinality i.
The |chromatic polynomial y (G, x) can be defined [151, Theorem 1;[52, Theo-
rem 2.3.1] as the generating function

x(G,x) = Z mx!V 11 (3.3)

where (—1)'m; is the number of spanning subgraphs of G with i edges not con-
taining any broken cycle (with respect to <).
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3.1.3 Edge Subset Representation

An |edge subset representation|states a graph polynomial as a sum over edge sub-
sets.

The Z(G, x,y) is defined as

Z(G,x,y) = Y xFOO AL (3.4)
ACE

The |chromatic polynomial| y (G, x) has the [edge subset expansion| Sec-
tion 2;/52, Theorem 2.2.1]

X(G,x) = D (-1, (3.5)
ACE

3.1.4 Broken-cycle Representation

A [broken-cycle representation| states a graph polynomial as a sum over broken-
cycle-free edge subsets.

The|chromatic polynomial| y (G, x) has the broken-cycle expansion| Sec-
tion 7;/52, Theorem 2.3.1]

xGx= Y MRV (3.6)
ACE
VBGB(GC,<): BgA

3.1.5 Reliability Domination Representation

Alreliability domination representation| states a graph polynomial in terms of reli-
ability domination.
The|reliability polynomial R(G, p) can be defined Equation (7)] as

R(G,p) = ). d(G, A 1)pH. (3.7)
ACE

The [chromatic polynomial| y (G, x) has the [reliability domination expansion|
[125| Proposition 3.3, due to Rodriguez]

|V ]-1
(G, x) = (-1 - x) d(G, E, k)x*. (3.8)
k=

—_

3.1.6 Spanning Forest Representation

Alspanning forest representation|states a graph polynomial as a sum over spanning
forests. In case of connected graphs we have spanning trees and therefore speak
about|spanning tree representation]
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The|[Tutte polynomial| T (G, x, y) is defined Section 3;(15, Definition 13.6]

as

T(G,x,y) = Z xI(F:G:<) e (F.G.<) (3.9)
FeF(G)

The [chromatic polynomial| y(G, x) has the [spanning forest expansion|
Equation (4) and (21);15, Theorem 14.1]

X(G,x) = (~)VI)HD N (1 x) O, (3.10)

FeF(G)
e(F,G,<)=0

3.1.7 Vertex Subset Representation

A |vertex subset representation| states a graph polynomial as a sum over vertex
subsets.
The findependence polynomial I(G, x) is defined as

I(G,x) = Z [W is independent set in G] X" (3.11)
wcv

The |chromatic polynomial| y (G, x) (for x € IN) has the “recursive
[set expansion] Theorem 9.7.17]

x(G,x) = Z [W is independent set in G] y(Geow ,x — 1). (3.12)
wcv

3.1.8 Spin Model

A states a graph polynomial as a sum over mappings of the vertex

set in a set, whose elements are called “spins” or “states”, therefore also the name
state modelis common. The representation has its origin in mathematical physics,

but is in fact equivalent to counting colorings (coloring representation). See also

[704 103, 126]. N
The |extended Negami polynomia1| f(G,t,x,y,z) (for t € IN) can be defined

page 327] as
f(G.t.x,y.2) = Z ]_[ w(e), (3.13)

where

x+y ifVoee: ¢(v) =1,
w(e) =<z+y ifdc# 1Yve€e: ¢(v) =c, (3.14)
y if AcVov € e: ¢(v) = c.
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The|chromatic polynomial| y (G, x) (for x € IN) has the|spin model expansion|
[70} page 209]

xGx= > []re, (3.15)

¢: V—o{l,.., x} ecE

(3.16)

(o) = 0 ifdc:Vvee: ¢(v) =c,
A P if Ac: Vo € e: ¢(v) = c.

Please observe, that Noble and Welsh use the term “states model representa-
tion” for an equation of the[weighted graph polynomiallgiven as a sum over edge
subsets [107, Theorem 4.3].

Spin models may be used to count isomorphisms and therefore to define com-
plete graph invariants [[70, Proposition on page 213].

3.1.9 Coloring Representation

A |coloring representation| (vertex coloring model) states a graph polynomial by
counting colorings. It has its origin in graph theory, but is in fact equivalent
to[5pin model

The |bivariate chromatic polynomial P(G, x,y) (for x,y € IN) is defined as
the number of (vertex) colorings with (at most) x colors, such that the vertices
incident to each monochromatic edge are colored by a color ¢ > y [50, Section 1],

P(G,x,y) = Z 1—[ 0. (3.17)

¢: V—{1,.., x} ecE
dec<yVYovee: ¢(v)=c

The ‘coloring expansion]” of the [chromatic polynomiall is exactly its defini-
tion: The chromatic polynomial| (G, x) (for x € IN) is defined as

xGx)= > [T o (3.18)

ecE
dcVoee: ¢p(v)=c

The connection between graph polynomials “counting generalized colorings”
and graph polynomials definable in Second Order Logic (SOL) is examined by
Kotek, Makowsky and Zilber [90;91]].

3.1.10 Partition Representation

Alpartition representation| states a graph polynomial as a sum over set partitions,
usually over (special) partitions of the vertex set.
The [partition polynomial| Q(G, x) is defined [[127, Section 4] as

QG x) = ) A, (3.19)

rell: (G)
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and the adjoint polynomial|h(G, x) (for a simple graph G = (V, E)) is defined [52,
Section 11.1] as

h(G, x) = Z Xl (3.20)

ﬂeHi(G)

where G = (V, (‘;) \ E).

The [chromatic polynomial| y(G, x) has the connected [partition expansion|
[118l Equation (*) in Section 9] and the independent partition expansion|[52, The-
orem 1.4.1]

XGx)= Y p(d,m) -« (3.21)
€l (G)

— Xzl (3.22)
ﬂEHi(G)

3.1.11 Vertex Model

Alvertex model states a graph polynomial as a sum over mappings of the edge set
in a set, whose elements are called “states”. The value of each such mapping is

determined by the images of the edges incident to each vertex. This representa-
tion is in fact the opposite of a spin model, as the roles of vertices and edges are
interchanged. Just as there, we can consider the states as colors, therefore also
the names|edge modeland |edge coloring model are used, see [70;|132]].

The |edge coloring polynomial| y’ (G, x) is defined [[70, Section 2] as

YGx= ) |]re. (3.23)

$: E—>{1,..., x} veV

with

y(v) = (3.24)

0 ifdej,ep; € E:veerNeyVdler) =dler),
1 otherwise.

[Spin modelland jvertex model|can be related via the line graph [70, Subsection
2.3]. Consequently, the [chromatic polynomial of a line graph has the ‘

[model expansion|’

x(L(G),x) = ¥’ (G, x). (3.25)

3.1.12 Homomorphism Representation

Alhomomorphism representation|defines a graph polynomial of a graph by count-
ing its homomorphisms to some graphs.
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In general, for a class H of graphs and a function w: H — R, a graph
polynomial H(G, H,w) can be defined as the weighted sum of the number of
homomorphisms from G to the graphs in H:

H(G,H,w)= > w(H) - hom(G, H). (3.26)
HeH

The |homomorphism polynomiall by Garijo et al. H(G,k,x,y,z) (for
k,x,y,z € IN) is defined [59, page 1044] as

H(G,k,x,y,z) = hom(G, Hi x,y,2), (3.27)

where the graph K]l< is a complete graph on k vertices with I loops attached at
each vertex and the graph Hy x .. arises by the join of a K with the disjoint
union of y copies of KZ.

The [chromatic polynomial| y(G, x) (for x € IN) has the homomorphism ex-|

[72, Proposition 1.7]

¥(G, x) = hom(G, Ky). (3.28)

There are other “homomorphism polynomials”, for example one defined orig-
inally by Bari for simple graphs [9;62] and extended by Gillman to graphs [62]],
that count homomorphisms of a graph to its subgraphs.

Nowadays, homomorphisms of graphs and polynomials counting them seem
to get increasing attention [|59;|60; 72]].

3.1.13 Matrix Representation

A matrix representation states a graph polynomial as a function of a matrix. A
good overview of graph polynomials defined as determinants and permanents of
matrices (related to the adjacency matrix) is given by Parthasarathy [113] Subsec-
tion 2.1 and Section 5].

The |characteristic polynomiall ¢(G, x) is defined [44] as the characteristic
polynomial of the adjacency matrix A(G),

$(G, x) = det(xI — A(G)), (3.29)

where A(G) = [ay.o]uvev Withay, = |{e € E | e = {u, v}}"| and I is the identity
matrix of format |V| x |V]|.

While the[chromatic polynomiallof an arbitrary graph can be written in a ma-
trix equation, each of these in fact uses another representation (to represent the
entries of the matrix). For special (symmetric) graphs there is a “matrix method”
to calculate the values of their chromatic polynomials [16;(17].
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3.1.14 Matroid Representation

A|matroid representation|states a graph polynomial as a function of a matroid. For
the corresponding definitions we refer to [110].

The [rank-generating function| S(G, x, y) can be defined [33, Section 6.2; |25,
Section X.1] as

S(G,x,y) = Y xM BTyl (3.30)
ACE

where r(A) is the rank of the set A in the cycle matroid of G.
The|chromatic polynomiall y (G, x) has the|matroid representation| 33, Propo-
sition 6.3.1]

$(Gx) = xHOU =) THD Yy () I () lAIm ), (331)
ACE

where r(A) is the rank of the set A in the cycle matroid of G.

3.1.15 Recurrence Relation Representation

Alrecurrence relation representation|states a graph polynomial by recurrence rela-
tions satisfied.

The [edge elimination polynomiall & (G) = £(G, x, y, z) is defined [4, Equation
(13)] as

£(G) = &(G-e) +y - &(Gye) + 2 £(Gye), (3.32)
EGT UG’ = (G - E(GY), (3.33)
E(Ky) =x. (3.34)

The [chromatic polynomiall y (G, x) satisfies the recurrence relations [[153, due
to Foster;|52]]

X(G,x) = x(G=¢) = x(Gre), (3.35)
X(G'UG?) = x(G") - x(G?), (3.36)
x(Ky) = x. (3.37)

Recurrence relations are discussed in more detail in Section [3.3]

3.2 Relations to the Edge Subset Representation

We have already seen that some representations are related to each other, for
instance the and the [coloring representation| are equivalent. Some
other relations are already given implicitly by the different expansions of the
[chromatic polynomiall A generalization of this graph polynomial is the

which is defined in graph theory (as given in Equation (3.4)) by a
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[over edge subsets| and in mathematical physics by a [128; |129]. It
therefore already gives a more general relation of those two representations than

the expansions of the chromatic polynomial.

In this section we look for relations between different representations which
do not assume any special graph polynomial, but hold for all graph polynomi-
als satisfying some properties. The required properties are linked to a function
ranging over edge subsets, consequently such an expansion is necessary for the
application of the statement. In fact, each of these relations is a generalization of
the results known for the|chromatic polynomialland hence this graph polynomial
(and the function in its|edge subset expansion) fulfills the requirements.

3.2.1 Broken-cycle Representation

The well-known Broken-cycle Theorem can be extended to link between
[subset representations|and [broken-cycle representations}

Please remember that broken cycles of a graph are edge subsets arising from
the edges of its cycles by deleting the maximal edge and that their set is denoted
by B(G, <) (Definition 2.31).

The Broken-cycle Theorem was first given by Whitney [[151, Theorem 1] and
states a combinatorial interpretation of the coefficients of the [chromatic poly-|
Originally, the Broken-cycle Theorem was given by removing edges,
“(=1)'m; is the number of ways of picking out i arcs from G so that not all the
arcs of any broken circuit are removed” [151, Theorem 1]. Later on, the point
of view was changed to the nowadays used (and in fact more general) version
inserting edges, “the number (—1)m; is the number of subgraphs of G of i arcs
which do not contain all the arcs of any broken circuit” [[152, Section 7].

We first restate the Broken-cycle Theorem and its proof in order to make the
reader familiar with this result and thereby to point to the differences occurring
in the following.

Theorem 3.1 (Section 7 in [152]], Theorem 2.3.1 in [52]]). Let G = (V,E) be a
graph with a linear order < on the edge set E. The|chromatic polynomial x (G, x)
satisfies

XGx)= Y (m)MIkEW) (3.38)
VBeB{ng,f): BZA
= > (—=1)MAlxIVI=14], (3.39)

ACE
VBeB(G,<): BLA

Proof. For each broken cycle B € B(G,<), we denote by
e(B) the minimal edge closing the broken cycle B, ie. e(B) =
min {e € E | BU {e} is the edge set of a cycle in G}.  Assume that B(G,<) =
{By,..., B}, such that i < jif e(B;) < e(B;)).
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We partition the set of edge subsets A C E into blocks E; (some of them may
be empty), such that A € E;, if B; is the minimal broken cycle (with respect to its
index and to the edge closing it) included in A, i.e. A € E;, if i = min {j | B; C A}.

Then for each i and each A € E; with e(B;) ¢ A, A € E; if and only if
AU{e(B;)} € E;. For the first direction we assume that AU {e(B;)} € E; withi # j.
Because B; € AU {e(B;)}, by the definition of E; it follows that B; € AU {e(B;)}
with j < i. But e(B;) is in the broken cycle Bj, otherwise A € B;, and therefore
e(B;) < e(B;j). Consequently i < j, which gives a contradiction. The second
direction follows easily from the fact that if B; € AU {e(B;)}, then B; C A, and by
deleting an edge no other broken cycle occurs.

For such i and A, e(B;) is an edge of a cycle in G{A U {e(B;)}). Therefore
k(G(A)) = k(G(A U {e(B;)})) and consequently

(=1) A k(G — _(L1)lAULeB | k(GCAU LB

Hence, for each block E; # E, it holds
Z (_1)|Alxk(G<A>) =0.

A€E;

As Ey is the set of edge subsets not including any broken cycle B € B(G, <), we
have Ey = {A C E | VB € B(G,<): B ¢ A}, and the first statement follows from
the edge subset expansion of the[chromatic polynomiallas given in Equation (3.5):

(G, x) = Y (=1)lAIxk(GA)

— Z (-1) 1Al k(G(A))
ACE
A€E,
= Z (—1) Al k(G

ACE
VBeB(G,<): BLA

Because broken-cycle-free subgraphs are cycle-free subgraphs (forests), they sat-
isfy k(G(A)) = |V| — |A| and therefore the second statement holds. O

The Broken-cycle Theorem as given in Equation (3.38) can be generalized in
two aspects:

1. by enabling a restriction of the regarded set of broken cycles,
2. by introducing more general terms of summation.

Theorem 3.2. Let G = (V,E) be a graph with a linear order < on the edge set
E, B € B(G, <) a subset of the set of broken cycles of G, and f(G, A) a function
mapping in an additive abelian group, such that for all A C E and alle € E\ A it
holds

K(G(A)) = k(G(AY U e}) = f(G.A) = —f(G, AU (e}). (3.40)
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Then
Z f(G,A) = Z £(G, A). (3.41)

ACE ACE
VBe®B: BLA
This can be shown by a proof similar to the those for the original statement,
where “broken cycle B € B(G, <)” is replaced by “broken cycle B € 8” and
“(=1)1Alxk(GA)> js replaced by “f(G, A)”. We give an alternative proof using
induction with respect to the number of broken cycles in 8.

Proof. We use induction with respect to the cardinality of the set B, that is with
respect to the number of broken cycles regarded.

For the basic step we assume that |B| = 0 and the statement holds obviously.
We assume as induction hypothesis that the statement holds for any set 8 C
B(G, <) with cardinality less than k and consider now a set 8 C B(G, <) with
cardinality k.

For each broken cycle B €  8B(G,<), we denote by e(B)
the maximal edge closing the broken cycle B, ie. e(B) =
max {e € E | BU {e} is the edge set of a cycle of G}. Let B € 8 and 8’ = 8\ {B},
such that e(B) ¢ e(B’) for all B" € B’.

In fact, we only have to show that the edge subsets, which do include the
broken cycle B, but do not include any broken cycle B’ € 8’, cancel each other.
Let A be the set of such edge subsets, i.e.

A= U [A).

ACE
VB eB’: B'¢A
BCA

Then for each A C E with e(B) ¢ A, A € A if and only if AU {e(B)} € A.
For the first direction we assume that A U {e(B)} includes another broken cycle
B’ € B’: Then e(B) must be in the broken cycle B’, but does not close it, otherwise
B’ C A, and therefore e(B) < e(B’). This is a contradiction to e(B) ¢ e(B’) for all
B’ € $’, therefore A U {e(B)} does not include another broken cycle. The second
direction follows easily from the fact that if B € AU {e(B)}, then B C A, and by
deleting an edge no new broken cycle can occur.

The statement follows by

D fGa= G4

ACE ACE

VB’ eB’: B'¢A

= > fGAa+ D fGA
ACE ACE

VB’ eB’: B'¢A VB’ eB’: B’'¢A
BZA BCA

= > fGA+ D fGA+ ) f(GA
ACE ACE ACE

VBe®B: BZA VB’ €B’: B'"¢A VB’eB’: B'¢A

BCA,e(B)eA BCA,e(B)gA
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= > fG.A). O
ACE
VYBeB: BLA

Furthermore, in many cases f (G, A) = f(G(A), A), that is the function f de-
pends only on the spanning subgraph G(A). This is in fact a special case as, for
example, the edge set E and therefore the number of edges connecting vertices in
different connected components and in the same connected component in G(A)
is not known, respectively.

For a given linear order < on the edge set E, the conditions given in Equation
must only be satisfied by the edges closing some broken cycle. Claiming
the result for any linear order, the condition is required for any edge which can
be an edge of a broken cycle, which are exactly the edges in a cycle.

An inductive proof for the Broken-cycle Theorem with respect to the number
of edges is given by Dohmen [48].

Corollary 3.3 (Theorem 9 in [50]]). Let G = (V, E) be a graph with a linear order
< on the edge set E and B C B(G, <) a subset of broken cycles of G. Thelbivariaté

[chromatic polynomial P(G, x, y) satisfies

PGxy) = . ()G, (3.42)

ACE
VBe®B: BLA

Proof. The statement follows directly via Theorem [3.2| from the

[pansion| of the bivariate chromatic polynomial| [139, Corollary 29]. O

Definition 3.4 (Proposition 5.1 in [107]). Let G = (V,E) be a graph. The
U(G, X, y) is defined as

A4
ki G — +
UG.X.y) = [ [y - plaimIviskan, (3.43)
ACE i=1

where k;(G) is the number of connected components of G with exactly i vertices.

Corollary 3.5. Let G = (V,E) be a graph with a linear order < on the edge set E
and B C B(G, <) a subset of broken cycles of G. The[U-polynomial U(G, X, y) at

y = 0 satisfies

[V
U(G,X,0) = Z nxl{Ci(G<A>)(_1)|A|—|V|+k(G<A>), (3.44)
ACE i=1
VBeB: BZA

where k;(G) is the number of connected components of G with exactly i vertices.

Proof. The statement follows directly via Theorem [3.2|from the definition of the

(Definition [3.4). m
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3.2.2 Spanning Forest Representation

The relation between [spanning forest representations and [edge subset represen-|
follows from the fact that each edge subset arises from exactly one span-
ning forest by deleting some internally active edges and adding some externally
active edges. This was first proven by Crapo [42| Lemma 8] and an analogous
result for matroids has been shown by Bjorner [22, Proposition 7.3.6].

We restate this proof here for various reasons. First, from the results follows a
nice relation between the sums over edge subsets and sums over spanning forests
(Corollary[3.7). Second, the proof gives a good insight in the consequences of the
definition of internally and externally active edges. And third, it can be applied
for direct proofs of the [edge subset expansion| of the [Tutte polynomiall (Corollary
and [spanning forest expansions of some graph polynomials, including the
(Corollary and the (Corollary [3.11).

Please remember the following definitions: The spanning forests of a graph
are its inclusion minimal spanning subgraphs with the same number of connected
components, and their set is denoted by # (G) (Definition[2.24). An internally ac-
tive edge is an edge of the spanning forest, which is the maximal in the cut it
crosses (Definition[2.32), and an externally active edge is an edge not in the span-
ning subgraph, which is the maximal in the cycle it closes (Definition [2.33). The
corresponding sets are denoted by E;(F, G, <) and E, (F, G, <) and their cardinal-
ities are denoted by i(F, G, <) and e(F, G, <), respectively.

Theorem 3.6 (Lemma 8 in [42]). Let G = (V, E) be a graph with a linear order <
on the edge set E. Then

) AP \Ei(F.G,<). 4 VE(F.G, )] = ] 141 = 2" (3.49)
F=(V.Ar)eF(G) ACE

Proof. We have to prove that the intervals for each spanning forest F are mutually
disjoint and that each edge subset is in some interval. Let I(F) be the interval
arising from the spanning forest F, i.e. I(F) = [Af \ E;(F, G, <), Af UE.(F, G, <)]
for each F = (V, Ar) € F(G).

First, we show that I(F') N I(F?) = 0 for different spanning forests F!, F? €
¥ (G). Assume that there is an edge subset A C E with A € I(F') N I(F?). As
F! and F? are different spanning forests, there is an edge g € E(F') \ E(F?).
Furthermore, for any choice of g, there is an edge h € E(F?) \ E(F'), such that
Fig+h, F? heg € ¥ (G). (There is at least one edge on the path connecting the in-
cident vertices of g in F?, which is in the cut crossed by g in F!. These conditions
ensure that we can “compare” the edges g and h, because g is in the cycle closed
by adding h to F! and, equivalently, in the cut crossed by 4 in F?, and vice versa.)

We distinguish whether g (g € E(F') but g ¢ E(F?)) and h (h ¢ E(F') but
h € E(F?)) are in A or not:

e Case 1: g € A, h € A: We have a contradiction by
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- geA= geE(F,G,<)>h<yg,
- heA= heE(F',G,<)=>g<h.

e Case 2: g € A, h ¢ A: We have a contradiction by

- geA=>geE(F,G,<)>h<yg,
- h¢A=> heE(F:,G,<)=>g<h.

e Case 3: g ¢ A, h € A: We have a contradiction by

- g¢A=>geE(F,G <)>h<y,
- he A= heEi(F',G,<)=>g<h.

e Case4: g ¢ A, h ¢ A: We have a contradiction by

-g¢A=geE(F,G,<)=>h<yg,
- h¢ A= heE(F:,G <)=g<h

Hence, there is no such edge subset A and consequently the intervals for different
spanning forests are mutually disjoint.

Second, we show that for each edge subset A C E there is a spanning forest
F € ¥ (G) with A € I(F).

We arrange the edges of A and E \ A in a sequence ey, . .., e|g|, such that the
edges of A appear before the edges of E \ A, that the edges of A are increasing,
and that the edges of E \ A are decreasing, both with respect to <.

We start with the edgeless graph on the vertex set V and successively add the
edges of E in this graph as they appear in the sequence, but only if the arising
graph remains acyclic. That means G° = (V,0) and for i € {1,..., |E|} we have

G = Gi;il if Gi;il is acyclic,
Gt if G, lis cyclic.

Thus, G'El = F = (V,Ar) € F(G) is a spanning forest of G.

An edge that is in A, but not in Ay, is not added to G, meaning that it would
close a cycle consisting of earlier added and thus lesser edges of A. Hence, this
edge is an externally active edge (maximal edge of the cycles closed by itself),
A\Ar = A, CE.(F,G,<).

An edge that is not in A, but in Ar,is added to G, meaning that it is the first
and thus greatest edges of E \ A crossing the according cut. Hence, this edge is an
internally active edge (maximal edge of the cut crossed by itself), Ay \ A= A; C
E;(F,G,<).

Consequently, (Ar \ A;) U A, = A, and therefore for each edge subset A C E
there is a spanning forest F = (V, Ar) € ¥ (G) such that A € I(F). O
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Corollary 3.7 (Corollary 7 in [[137]]). Let G = (V, E) be a graph with a linear order
< on the edge set E, A C E an edge subset of G, and f (G, A) a function in an additive
abelian group. Then

£(G,4) = > (G, A). (3.46)
FeF(G) A=(Af \A;)UA, ACE
Af =E(F)
A;CE;(F,G,<)

Ao CE.(F,G,<)

Proof. The statement follows directly from Theorem because for each span-
ning forest F € ¥ (G) we have

) (A \A)UA. =[Af \Ei(F.G. <), Af UE(F.G.<)],

Ay =E(F)
A;CE;(F,G,<)
A CE.(F,G,<)

and hence we sum on both sides of the equation over the same edge subsets. O

When applying the theorems above, it seems useful to point to some kind of
disjointness of internally and externally active edges of a spanning forest, which
results in some kind of independence of deleting and adding these edges.

Lemma 3.8 (Lemma 9 in [137]]). Let G = (V, E) be a graph with a linear order <
on the edge set E and F = (V, A) € ¥ (G) a spanning forest of G. Then deleting an
internally active edge splits a connected component, which can not be reconnected
by adding externally active edges. Adding an externally active edge connects vertices
connected by a path, which can not be destroyed by deleting internally active edges.

Proof. The statement follows directly form the definition of internally and ex-
ternally active edges: Assume there is an internally active edge e € A and an
externally active edge f € E \ A, such that the connected components arising by
deleting e are connected by adding f or the other way around. Then f is in the
cut crossed by e and hence f < e by the definition of internally active edges. But
e is in the cycle closed by F and hence e < f by the definition of externally active
edges, which gives a contradiction. O

As announced, we can apply the corollary and lemma above for a direct veri-
fication of the edge subset expansion|of the [Tutte polynomiall Usually, this state-
ment is proven by showing that both the [Tutte polynomiall and its
satisfy the same recurrence relation and have the same initial value
[25, Theorem 10 in Section X.5].

Corollary 3.9 (Equation (9.6.2) in [[144]]). Let G = (V, E) be a graph with a linear
order < on the edge set E. The|Tutte polynomial T(G, x, y) satisfies

I(G.x.y) = (=) Oy =)™V} (@ - )y - )W -,
ACE

(3.47)
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Proof. By Corollary [3.7)it holds

=)Dy =)V ) (=D - ) -
ACE
- Z (x — 1)KOA=K(G) (y _ )(GAN=IVI+1A]
ACE

= Z Z (x — 1)K(GAN=KG)(

FeF(G) A=(Af \A;)UA,
Ar =E(F)

A;CE(F,G,<)

Ao CE.(F,G,<)

y— l)k(G(A))—|V|+|A|‘

We consider the exponents of (x — 1) and (y — 1): The exponent of (x — 1) is 0
if A = E(F) (A; = Ae = 0), and it increases by 1 with each edge in A; (k(G(A))
increases by 1), while it is not influenced from the edges in A.. The exponent
of (y — 1) is also 0 if A = E(F), and it increases by 1 with each edge in A, (|A|
increases by 1), while it is not influenced from the edges in A; (k(G(A)) increases
by 1, but |A| decreases by 1). Consequently we have

(x — 1)k(G<A>)—’<(G) _ 1)k(G<A>)—|V|+|AI

(y
FeF(G) A=(Ar \A;)UA,
Af—E( )
A;CE;(F,G,<)
AeCE.(F,G,<)

= Z Z (x — 1)1l (y — 1)l4]

FEeF(G) A=(Af \A;)UA,
Ay =E(F)

A;CE;(F,G,<)

Ao CE,(F,G,<)

- Z xi(F,G,<)ye(F,G,<)
FeF(G)

=T(G,x,y). ]

The following statement, the [spanning forest expansion| of the
can alternatively be shown from the definition of the [Tutte polynomiallby apply-

ing the relation between both graph polynomials.

Corollary 3.10. Let G = (V, E) be a graph with a linear order < on the edge set E.
The|Poits model Z (G, x, y) satisfies

Z(G.x, y)—( POV N (14 2)FOD(1 4 )69, (3.48)
FeF(G)

Proof. First, we start with the definition of the as given in Equation
(3.4) and apply Corollary 3.7}

ACE
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= Z Z k(G 1Al
FeF(G) A=(Af \A;)UA,
Ay =E(F)
Ai QE[ (F,G,()
AeCE(F,G,<)

Second, we describe the terms for edge subsets corresponding to spanning forests
and how these change according to the number of internally and externally active
edges: A spanning forest has k(G) connected components and |V| — k(G) edges
which generates the monomial x*(©)y!V1=k(G); by deleting an internally active
edge the number of connected components increases by 1 and the number of
edges decreases by 1 (%), and by inserting an externally active edge the number
of edges increases by 1 (y). Hence we have

- X .
Z(G, x,y) Z Z XK@ YIVI=K@G) (1 1 ZylAil(1 4 y)lAel
FEF(G) A=(Af \A;)UA, y
Af—E( )
A;CE;(F,G,<)
A¢CE,(F,G,<)

_ (f)k(c)ym Z (1+ f)i(F,G,<)(1 4 )¢ FGC), O
y FeF(G) y

Along the same line of argumentation the [spanning forest expansion| of the
[chromatic polynomiall (Equation (3.10)) can be shown [137, Theorem 12]. Alter-
natively, this can be derived from the [Tutte polynomiall [141, Equation (4) and
(21);15, Theorem 14.1].

In the results above, we have given [spanning forest expansions depending
only on the number of internally and externally active edges, but not on the edges
itself. The reason is, that these graph polynomials count parameters, whose val-
ues for a spanning forest can be determined and whose change for each internally
active edge deleted and each externally active edge added can be quantified.

Sometimes, this in only possible for the change arising by one of the two
operations. For example, for the only the change arising by the
addition of an externally active edge is of such an easy form, because these edges
are added between vertices in the same connected component and therefore do
not change the distribution of the vertices in the connected components.

Corollary 3.11 (Theorem 17 in [[137]). Let G = (V,E) be a graph with a linear
order < on the edge set E. The U(G, X, y) satisfies

UG X,y = Y ¢ 3 2 (A, (3.49)
FEF(G) A=A7 \A;
Ag =E(F)
A;CE;(F,G,<)
where x*(G) = Hlvll X; and k;(G) is the number of connected components of G

with exactly i vertices.
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Proof. Applying Corollary [3.7]to the definition of the U-polynomial we have

U(G,X,y) = Z X (GAY (y - 1)Al= 1V I+k(G A
ACE

= Z Z x*(G(A))(y - 1)|A|—|V|+k(G(A>)'

FEF(G) A=(Af \A;)UA,
Ay =E(F)

A;CE;(F,G,<)

AeCE.(F,G,<)

Therein we have to describe the terms for edge sets corresponding to spanning
trees and how they change according to the number of internally and externally
active edges: The exponent of (y — 1) for the edge subset corresponding to an
spanning forests equals 0. If an externally active edge is added, then the arrange-
ment of the vertices in the connected components is not affected, but the number
of edges increases by one ((y — 1)). If an internally active edge is deleted, then
the number of edges decreases by one and the number of connected components
increases by one, hence the exponent of (y — 1) is not affected. (But the arrange-
ment of the vertices in the connected components changes and does not only
depend on the number of internally active edges deleted.) It follows

UG.X.y) = D, . X (G-

FeF(G) A=(Af \A;)UA,

Ag =E(F)
A;CE;(F.G,<)
A.CE.(F,G,<)
— Z ye(F,G,<) Z X (G(AY). 0
FeF(G) A=Af \A;
Ay =E(F)
A;CE;(F,G,<)

3.2.3 Reliability Domination Representation

We have introduced two definitions of signed domination. For the first one, an
edge subset expansion follows directly by Mobius inversion (Theorem [2.44). We
show that the second one has the same edge subset expansion and therefore both
definitions are equivalent to each other.

Please remember the two alternative definitions of signed domination of a
graph for an edge subset A and an integer k. Either it can be defined implicitly
such that its sum over all subsets of the edge subsets equals 1 or 0, depending
on whether the subgraph spanned by the edge subset has at most k connected
components or not, and is denoted as d(G, A, k) (Definition [2.43). Or it is defined
as the number of k-formations of the subgraph spanned by the edge subset of
odd cardinality minus those of even cardinality, and is denoted as d’(G, A, k)
(Definition [2.45)).

Theorem 3.12 (Proposition 2.8 in [82]]). Let G = (V, E) be a graph, A C E an edge
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subset of G and k € IN. Then

d' (G, A k) = 2:(—1ﬂm_ka«XB»:sk]chGﬂiky (3.50)
BCA

Proof. For each edge subset B C E of G, the spanning subgraph G(B) has at most
k connected components, if and only if there is a k-forest of G(B), therefore we
have

[k(G(B)) < k] =1-[F(G,B,k) =0]
_ 1 _(ITGBK)

=1- (1 _ 1>|T(GsB’k)|

=1- > (-
FCF(G,B.k)

= ),

0CFCF(G,B.k)

DO

ACBOCFC¥F(G,B,k)
Uarer A’=A

By Mobius inversion it follows that

S )M ERGE) <K= Y (=)
Bea 0CFCF(G,AK)
Uarer A’=A

Then, d(G, A, k) equals the left hand side and the right hand side equals
d’(G, A, k) by

d(G.AK) = ) ()M PIK(GW) < K]
BCA

= ),

OCFC¥F(G,Ak)
Uarer A’=A

= D,
DeD(G,A,k)
=d'(G, A, k). O

The theorem above can be applied to show the reliability domination repre-
sentation of thereliability polynomialland the [chromatic polynomiall

Theorem 3.13 (Equation (7) in [124]]). Let G = (V,E) be a graph. The
[polynomial R(G, p) satisfies

mamzzy@ﬁJWW (3.51)
BCE
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Proof. The statement follows from the definition of the [reliability polynomiall
(149, Equation (3.4.1)] by

R(G.p) = ) p(1 = )P k(G(A)) = 1]

ACE
N k(G = 1]
ACE
— |E| IAI
- ( d(G, B, 1)
p)IEl )IBl(1 + L )IEI-1BI4(G B, 1
BZq]g( 1+ 1) (G, B,1)
- Z d(G,B,1)p'Bl. =
BCE

Theorem 3.14 ([125], due to Rodriguez). Let G = (V,E) be a graph. The|chro]

[matic polynomial satisfies

<

[V]-1
¥(G,x) = (-1 - x) d(G, E, k)x*. (3.52)
k=

Proof. The statement follow from the edge subset expansion of the
[polynomial| as given in Equation (3.5) by

x(G,x) = Z (=1) M4l k(G

ACE

= > > ()M K(G(AY) = k]

k ACE
_ Z 1)E! (d(G, E. k) - d(G, E, k — 1)) x*

—_

1)1l Z d(G,E, k)x* — x Z d(G,E, k)x*
k

V]-1
1)'E(1 - x) d(G, E, k)x*,
k=1
where the third identity is by
d(G,E,k) —d(G,E,k—1) = Z (-1 =14k (GAY) = K. O

ACE

3.3 Recurrence Relations

In this section we delve a little bit more deeply into recurrence relations, either
used to define graph polynomials or satisfied by them. We give some more ex-
amples of recurrence relations and proof two general theorems concerning them.
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3.3.1 Some Examples

The probably first recurrence relation introduced for a graph polynomial was the
one for the [chromatic polynomiall (G, x) of a graph G = (V, E) with an edge
eckE:

X(G,x) = x(G=¢,x) = x(Gye, x). (3.53)

According to Kung [92], this equality is due to Foster and was first published by
Whitney [153, Note on page 718].

The equality above is often given in a “non-edge-version”: For a (not neces-
sary) two-element vertex subset f C V with f ¢ E it holds [52, Theorem 1.3.1]

X(G,x) = x(G.f,x) + x(Gjr). (3.54)

Together with the multiplicativity in components (Equation (3.36)) and the
initial value (Equation (3.37)) the |chromatic polynomial| of every graph can be
determined. Alternatively, it is sufficient to have the recurrence relation and the
values for the edgeless graphs,

X(En,x) = x". (3.55)

In fact, an analogous equation holds for every graph polynomial which is multi-
plicative in components and has the initial value x for a single vertex. In Theorem
[3.16] we give conditions under which the reverse holds.

Combining the recurrence relation (Equation (3.53)) and the equality above
we can give a single identity for the [chromatic polynomiall from which, in prin-
ciple, the value of every graph can be calculated:

X(GUE,, x) = x(G_e,x) - x" = x(Gje, x) - x". (3.56)

The selection of one of the two merged equalities is wrapped in the choice of the
components G and E,.

While the recurrence relations introduced so far, and also the ones in the
remainder, are all linear, there is no such restriction. For example, the
listic polynomial|¢(G, x) of a simple graph G = (V, E) with an edge e = {u, v} € E
satisfies [117, Equation (6)]

$(G,x) = $(G-e, x) = ¢(Gousov; X)
~2[$(Gou )$(Gou- x) = $(G—e. X)$(Gouew, ¥)]. (3.57)

For a not necessarily simple graph G without any edges parallel to e, also the
equality [[119, Theorem 1.3]

P(G,x) = §(G-e, x) + ¢(Gye, x) + (x = 1) - §(Gye, x)
~9$(Geu, x) — $(Gou, x) (3.58)
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holds. This equality looks similar to a recurrence relation we prove in Chap-
ter 5l But in contrast to the situation there and to all other recurrence relations
discussed, the formula above can not be applied successively to parallel edges.
Instead, all parallel edges must be handled at once: If F C E is the multiset of all
edges connecting u and v, then Rowlinson [[119, Theorem 1.3] shows that

$(G,x) = ¢(G-F,x) + |F| - §(G/r,x) + |F|(x = |F]) - $(GiF, X)
—IF| - $(Geu, x) — |F| - $(Goov, X). (3.59)

In general, there is no restriction on the graph operations or on the depen-
dence of the coefficients used to define a graph polynomial. The only requirement
is that the arising graph polynomial is a graph invariant, that means its value does
not depend on a relabeling of the vertices or on the order of the vertices / edges
to which the operations are applied. Proofs checking the “invariance” of a recur-
rence relation are first given by Averbouch, Godlin and Makowsyky [4] Section
3;[3} Section 3.3], we state such a result in Section[5.3.3

3.3.2 Two General Theorems

A local graph operation (for an edge or a vertex) is an operation which only
affects the connected component where the corresponding element belongs to.

Definition 3.15. Let G = (V,E) be a graph and g € V U E an element of G. A
local graph operation is a graph operation o(g), such that if G = G' U G? for two
graphs G! = (V1,E?), G?> and g € V! U E!, then

1
Gog) =G

2
s VG (3.60)

where G,(g) is the graph arising from G by applying o(g).

According to the definition above, most of the graph operations mentioned
(Section are local graph operations, including the deletion, contraction, ex-
traction of an edge and also the deletion and contraction of a vertex. An exception
is the NA-Kellman’s operation, the Kellman’s operation for non-adjacent vertices
[43 Definition 2.8.1].

Theorem 3.16. Let P(G) = P(G,X) be a graph polynomial satisfying a linear
recurrence relation with respect to some local graph operations reducing the number
of edges and P(E,) = x" for some x € R[X]. Then the graph polynomial P(G) is
multiplicative in components, that is for graphs G' and G? it holds

P(G'* U G? = P(G') - P(G?). (3.61)

Proof. We assume that for a graph G = (V, E), the graph polynomial P(G) satis-
fies

k
P(G) = ) a;- P(Gy),
i=1
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P(E,) = x",

where k € N, x, a; € R[X] and the graphs G; are arising from G by local graph
operations reducing the number of edges.

We use induction with respect to |E|, the number of edges in G = G' U G?. As
basic step we assume that |E| = 0. Then G' U G? is an edgeless graph, and G! and
G? are isomorphic to E, and E; for some r, s € IN, respectively. Consequently, the
statement holds by

P(G' UG?) = P(E, WE) = P(E,.s) =x"**
=x"-x* = P(E,) - P(Es) = P(G") - P(G?).

As induction hypothesis we assume that the statement holds for graphs with
|E| < m and consider now a graph with |E| = m. Then for G = G! U G? it holds

P(G' U G?) = P(G)

iel
=Y ai-P(Gl UG

iel
= )4 P(G) - P(G)

iel
= |2 @ PG| P@G)

iel

= P(G") - P(G?). O

Remark 3.17. In the theorem above we restrict the graph operations which may
be used to those reducing the number of edges. This is necessary for the inductive
proof with respect to the number of edges. However, it seems possible to weaken
this condition and to require only that by a repeated application of the recurrence
relation we end up with edgeless graphs. (In this case the induction can be done
with respect to the maximal number of times the recurrence relation must be
applied such that all arising graphs are edgeless.) Furthermore, we have required
that the coefficients in the linear recurrence relation are constant. In fact, these
coefficients can depend on the connected components where the handled element
belongs to. (The used functions must be “locally” in the same sense as the graph
operations.)

Theorem 3.18. Let G = (V, E) be a graph, {Gi;}icr a family of graphs and y, a; €
R[X] fori € I. Let p(G) be a graph parameter. If a graph polynomial P(G, X)
satisfies

P(G,X) = Z a; - P(Gi, X), (3.62)

iel
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and a graph polynomial P’ (G, X) satisfies

P'(G.X) =y . P(G.X), (3.63)
then
P'(G,X) = Z yP©@)-(G) . g, . P'(G;, X). (3.64)
iel

Proof. The statement follows directly from the definition of P’/ (G, X):

P'(G,X) = @ . P(G, X)
=y Zai - P(Gi, X)

iel
— Z yP(G)—P(Gi) ca; - yP(Gi) - P(G;, X)
iel
- Zyp(G)—p(G,—) -a; - P’ (G;, X). o
iel

Consider for example as graph parameters the number of vertices and the
number of connected components of a graph G = (V, E). Then for a graph poly-
nomial P(G) = P(G,X) and a, b, c,d € R[X] with

P(G) =a-P(G_.) +b-P(Gy) (3.65)
it follows that

V1. P(G) = a-P(G_,) + bcl*!™1 - P(Gye), (3.66)
and

d*©) . P(G) = ad* @ *C-) . p(G_,) + b - P(Ge). (3.67)

The value |e| — 1 in the first equality depends (for graphs) on whether the
edge is a link or a loop, the value k(G) — k(G_.) in the second equality depends
on whether the edge is a bridge or not. This in some sense explains, why on the
one hand, the [Tutte polynomiall and the are strongly related to each
other [[129, Equation (2.26)],

TGx.y) = (x- D"y -1V ZG. (x - Dy -1y -1).  (368)

But on the other hand, only the satisfies a recurrence relation for an
arbitrary edge [4, Equation (7)], the recurrence relation for the [Tutte polynomial|
depends on the kind of the edge (loop, bridge, other edge) to which it is applied
(141, Equation (19) and (20); |26, Section X.1].
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Chapter 4

Edge Elimination Polynomials

In this chapter we present the|edge elimination polynomialland some graph poly-
nomials equivalent to it, which we all together subsume under the term|[edge elim{
[ination polynomiald Thereby we relate a definition using recurrence relations to
definitions counting subgraphs and counting colorings.

While the [edge elimination polynomial| generalizes a lot of graph polyno-
mials, each of them containing a lot of combinatorial information, very few is
known about (additional) combinatorial information encoded in the
nation polynomiallitself. The recursive definition of this graph polynomial con-
strains the direct access to such data, and justifies the seeking for and observation
of graph polynomials equivalent to the |edge elimination polynomiall but with
straightforward combinatorial interpretations.

In Section |4.1| we present

o theledge elimination polynomial| [4] (defined by a recurrence relation)

which is the source of all but one of the following graph polynomials. Then we
introduce equivalent graph polynomials, namely

e the(covered components polynomial| [139] (counting spanning subgraphs),

o the|subgraph counting polynomial| [138] (counting subgraphs),

o thelextended subgraph counting polynomiall (counting subgraphs),

o the|trivariate chromatic polynomial| [[138] (counting colorings),

in Section [4.2] to respectively. In Section 4.6 we mention three more

lelimination polynomials|available in the literature, these are

o thehyperedge elimination polynomiall [150]],

e the(subgraph enumerating polynomial| [29],

e thetrivariate chromatic polynomiall by White [[150].
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At the end of this chapter, in Section[4.7]and Section[4.8] we use appropriate graph
polynomials to derive some properties and relations valid for allfedge elimination|

While most of the definitions and statements in this chapter are given for
graphs, many of them are also valid in the case of hypergraphs. For this, it may
be necessary to generalize known graph polynomials to hypergraphs, their defi-
nitions are given accordingly in Appendix

4.1 The Edge Elimination Polynomial

Motivated by several graph polynomials satisfying a linear recurrence relation
with respect to (two of the) edge operations, deletion, contraction and extraction,
Averbouch, Godlin and Makowsky [4; 5] define the [edge elimination polynomiall
of a graph.

Definition 4.1 (Equation (13) in [4]). Let G = (V,E), G', G* be graphs and e € E
an edge of G. The [edge elimination polynomial £(G) = £(G, x, y, z) is defined as

E(G) = £(G—e) +y - E(Ge) + 2+ E(Gye), (4.1)
E(G' W G?) = E(GY) - £(G),
E(Ky) = x. (4.3)

The authors verify that the [edge elimination polynomiallis “a most general
graph polynomial” [4, Theorem 3] satisfying such “most general recurrence re-
lation” [4, Section 2], both with respect to the given edge operations for an in-
variant graph polynomial. This is investigated in most detail in the PhD thesis of
Averbouch [3, Section 3.3].

Theorem 4.2 (Theorem 3 in [4]). Let G = (V,E),G', G? be graphs. Each graph
polynomial P(G) = P(G, a, b, c, d) satisfying

o a linear recurrence relation with respect to the deletion, contraction and ex-
traction for each edge e € E of G, i.e.

P(G) =a-P(G_¢) +b-P(Gje) + ¢ - P(Gye), (4.4)

o multiplicativity in components, i.e.

P(G' U G?) = P(G") - P(G?), (4.5)

e and an initial condition, i.e.

P(K)) = d, (4.6)

can be calculated from theledge elimination polynomial
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From its definition and the theorem above it follows, that the
[nation polynomial| generalizes all graph polynomials obeying similar recurrence
relations and graph polynomials that can be calculated from these. This includes
for example the [bad coloring polynomial] the |bivariate chromatic polynomiall
the [matching polynomiall the [Potts model] the [Tutte polynomial] and the
[cover polynomiall For some of the exact relations, see [[4, Remark 4; |6, Section
2].

A first combinatorial interpretation of the coefficients of the fedge elimination|
[polynomial|is given in terms of a 3-partition of the edge set.

Theorem 4.3 (Theorem 5 in [4]]). Let G = (V, E) be a graph. The|edge elimination|
&(G, x,y, z) satisfies

G, x,y,2) = Z xk(G<AUB))—C(G(B>)y|A|+|BI—C(G<B>)ZC(G<B>), (4.7)
(ALB)CE

where (A U B) C E is used for the summation over pairs of edge subsets
(A,B): A,B C E, such that the set of vertices incident to the edges of A and B
are disjoint: | Jocae N Ueepe = 0.

4.2 The Covered Components Polynomial

The|covered components polynomial|of a graph is the generating function for the
number of edges, connected components and covered connected components in
its spanning subgraphs.

Definition 4.4 (Definition 3 and Definition 41 in [[139]). Let G = (V,E) be a
hypergraph. The |covered components polynomial C(G, x, y, z) is defined as

C(G,x,y,z) = Z xk(G<A>)y|A|zC(G<A>). (4.8)
ACE

The definition is motivated by two properties of the|edge elimination polyno-|

First, this graph polynomial generalizes the [Potts modell and, second, it has
an expansion using the number of covered connected components. The

[components polynomial| generalizes the [Potts model by additionally counting the

number of covered connected components.

Proposition 4.5. Let G = (V, E) be a graph. The|covered components polynomial
C(G, x,y, z) generalizes the[Potts model Z(G, x, y) by
Z(G,x,y) = C(G,x,y,1). (4.9)

Theorem 4.6 (Theorem 4 in [139]). Let G = (V,E),G!, G* be graphs and e € E

an edge of G. The|covered components polynomial C(G) = C(G, x, y, z) satisfies
C(G) = C(G=¢) +y - C(Gye) + (xyz — xy) - C(Gre), (4.10)
C(G1 Y Gy) = C(Gy) - C(Gy), (4.11)
C(Ky) = x. (4.12)
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Proof. The second equality (multiplicativity in components) holds as the edge
subsets (spanning subgraphs) in different components can be chosen indepen-
dently from each other and the third equality (initial value) holds by definition.
Therefore, it only remains to show the first equality.

Let ¢y, ¢z, ¢35 be the [covered components polynomials of G restricted to those
edge subsets A C E, such that the edge e is not in A, only e but no edge adjacent
to it is in A, and e and at least one adjacent edge is in A, respectively, i.e.

b= Y [o g AKOWyAIOW),
ACE

¢y = Z [ec ANAfeAienf # (D]xk(G<A>)y|A|zc(G<A>),
ACE

03 = Z [e € AATf € A: en f # 0]xF(CA) Al e (GAD),
ACE

The [covered components polynomial| of G_, counts exactly those edge sub-
sets A not including e, i.e.

C(G_e) = (1.

The|covered components polynomiallof G/, counts exactly those edge subsets
A including e, because contracting e keeps the connection properties. But the
polynomial is dived by y, as e is not counted, and, in case no edge adjacent to e
is in A is also divided by z, as the single vertex to which e is contracted is not
counted as a covered connected component, i.e.

C(G/e) =

C2 C3
— + —_
vz y

The [covered components polynomial| of G, counts exactly those edge sub-
sets A including neither e nor any edge adjacent to it. Therefore, xyz - C(G+.)
counts those edge subsets A including e but no edge adjacent to it, where the
factor corresponds to the (covered) connected component consisting of e and its
adjacent vertices, i.e.

C2
C(Gte) = e

Thus, the recurrence relation equals the sum of the three distinct cases:
C(G=e) +y - C(Gye) + (xyz — xy) - C(Gre) = 1 + c3 + c3 = C(G). O

In the proof above we start with the subgraphs arising in the recurrence rela-
tion and determine which situations these are counting. We also can do the other
way around, starting with the three distinct situations and determining by which
subgraphs these are enumerated [[139] Proof of Theorem 4]. (The same holds for
analogous proofs in the following sections.)

From the recurrence relation the equivalence of the [covered components|

and the [edge elimination polynomial| follows.
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Corollary 4.7 (Theorem 5, Corollary 6 in [139]]). Let G = (V, E) be a graph. The
[covered components polynomial C(G, x,y, z) and the|edge elimination polynomial
&(G, x,y, z) are equivalent graph polynomials related by

C(G,x,y,2) = &G, x,y,xyz — xy), (4.13)
£(G,x,y,2) = C(G, x,y, — +1). (4.14)
Xy

Proof. The first equality follows directly from the theorem above, the second one
follows by algebraic transformations. ]

For a direct and more algebraic proof, see [139, Proof of Theorem 5].

4.3 The Subgraph Counting Polynomial

The [subgraph counting polynomial| of a graph is the generating function for the
number of vertices, edges and connected components in its subgraphs.

Definition 4.8 (Definition 2 in [138]]). Let G = (V,E) be a hypergraph. The
[subgraph counting polynomial H(G, v, x, y) is defined as

H(G,v,x,y) = Z v'Wlxk(H)ylFl. (4.15)
H=(W,F)CG

The [subgraph counting polynomial generalizes the by summing
over all subgraphs instead only over spanning subgraphs.

Proposition 4.9. Let G = (V,E) be a graph. The|subgraph counting polynomial
H(G, v, x,y) generalizes theZ(G,x, y) by

Z(G,x,y) = "(H(G, v, x,y)), (4.16)

and has the|vertex subset expansion|

HG,vx,y)= Y o™ Z(GIW],x,y). (4.17)
wcv

The definition of the [subgraph counting polynomial|is motivated by the fol-
lowing consideration: The [covered components polynomial| counts the number
of connected components and covered connected components, and therefore, as
their difference, also the number of isolated vertices. Deleting a subset of the
isolated vertices from the spanning subgraphs, all subgraphs are generated. This
idea is applied in the proof of the following theorem.

Theorem 4.10. Let G = (V,E) be a graph. The[subgraph counting polynomial
H(G, v, x,y) and the|covered components polynomial C(G, x,y, z) are equivalent
graph polynomials related by

1
H(G,v,x,y) =olVI - C(G, +vx,y ox
v

s s (4.18)
1+ ovx
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C(G,x,y,z) =(x— x2)V H(G, ,XZ,1). (4.19)

X — Xz

Proof. We only prove the first equality, the second one follows by algebraic trans-
formations. From the definition of the [covered components polynomial| (Defini-

tion [4.4) we get

X x
C(G,v+x,y, —) = Z (v + x)KCENYIFI( )e(G(F)
v

+ X FcE v+ X
- Z (0 + x)1(CFN (eGP IF]
FCE

- Z Z IWIXII(G(F>)\WIXC(G<F>)yIF|

FCEW CI(G(F))

S VI D@\ ir|

W CV FCE(G[V\W])

DD I A A UAUERMT

W CV FCE(G[V\W])

3 eVl

H=(V\W,F)CG

where in the fourth identity we change the summation to determine the sub-

graph: Instead of first selecting the edges included and then the vertices not

included, we first select the vertices not included and then the edges included.
Replacing v by v~! and multiplying with v!V'| the statement follows:

1+ ovx VX 5
4 — VI —|\W|_ k(H), IF|
(% : C G7 * I -
( v y 1+vx) v Z v x y
H=(V\W ,F)CG
— Z UIWka(H)yIFI_ O
H=(W,F)CG

Using the theorem above we can derive a recurrence relation satisfied by the
[subgraph counting polynomiall

Theorem 4.11 (Theorem 3 in [138]). Let G = (V, E), G!, G* be graphs and e € E
an edge of G. The|subgraph counting polynomial H(G) = H(G, v, x, y) satisfies

H(G) = H(G-.) +v*I"ly - H(Gye) = 0!Iy - H(Gye), (4.20)
H(G'wG? = H(G") - H(G?), (4.21)
H(K;) =1+ vx. (4.22)

Proof. The second equality (multiplicativity in components) holds as the sub-
graphs in different components can be chosen independently from each other
and the third equality (initial value) holds by definition. Therefore, it only re-
mains to show the first equality.
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Let H = H(G,v,x,y) = v WVI. H(G,v,x,y) = C(G, & 2X_) From the

v’ Y, 1+ux
recurrence relation for the |covered components polynomial| (Theorem [4.6)), we

get

H(G) = H(G-¢) +y - H(Gje) - % - H(Gr.)
for an edge e € E. For H(G) = H(G, v, x, ), it follows
H(G) =o' A(G)
=o'l |H(G-) +y- H(Gre) = £ - A(Gre)
= oIl A(G-o) + oIy - A(Gje) — V12 - H(Gre)

= !V (G-o)l “H(G_,) + vlel—lyle(G/e)l -I:I(G/e)
_Ulel—lyle(Gw)l - H(G+e)
= H(G-¢) + 0"y - H(Gje) = 0*I"'y - H(Gre). o

For a direct and more combinatorial proof, see [138, Proof of Theorem 3].

Corollary 4.12 (Corollary 4 in [138]). Let G = (V,E) be a graph. The
lgraph counting polynomial H(G,v,x,y) and the |edge elimination polynomial
&(G, x,y, z) are equivalent graph polynomials related by

1+ vx

H(G, v, x,y) = oV - £(G, Ly, -2, (4.23)
v
1 z

X-y XxX-y

£G,x,y.2) = (x-y!" HG, ). (4.24)

Proof. The statements can be derived via the relations to the|covered components|

(Corollary |4.7|and Theorem [4.10). O

Alternatively, the corollary above can be derived directly from the recurrence
relation, see [[138, Proof of Corollary 4].

4.4 The Extended Subgraph Counting Polynomial

The [extended subgraph counting polynomial| of a graph is the generating func-
tion for the number of vertices, edges, connected components and covered con-
nected components in its subgraphs.

Definition 4.13. Let G = (V, E) be a hypergraph. The |extended subgraph count
H’(G, v, X, Y, z) is defined as

H (G,v,x,y,z) = Z v'Wlxk(H)ylFlzc(H). (4.25)
H=(W,F)CG
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Thelextension of the subgraph counting polynomiallis motivated by the ques-
tion, whether “the combination” of the |covered components polynomiall and the
[subgraph counting polynomial| creates a proper generalization or not.

Proposition 4.14. Let G = (V,E) be a graph. The |extended subgraph count

H'(G,v,x,y,z) generalizes the [covered components polynomial
C(G, x,y, z) and the|subgraph counting polynomial H(G, v, x, y) by

C(G,x,y,2) =[0"V(H(G,v,x,y,2)), (4.26)
H(G,v,x,y) = H'(G,v,x,y,1). (4.27)

It turns out, that the relation (and its proof) between the [covered compo-|
[nents polynomialland the [subgraph counting polynomial| (Theorem can be
easily adapted to the |extended subgraph counting polynomiall Consequently,
thelextended subgraph counting polynomialis not a proper generalization of the
others but equivalent to them and thus also to the|edge elimination polynomiall

Theorem 4.15. Let G = (V, E) be a graph. Thel|extended subgraph counting poly-
nomial H' (G, v, x,y, z) and the [covered components polynomial C(G, x,y, z) are
related by

1
H'(G,v,x,y,2z) =0V . C(G, * Ux,y, oxz ), (4.28)
v 1+ox
1
C(G.x.y.2) =(x-x2)VI-H'(G, .xz,y,1). (4.29)
X — Xz
Proof. The proof is analogous to the proof of Theorem [4.10} i

Theorem 4.16. Let G = (V,E),G', G? be graphs and e € E an edge of G. The
lextended subgraph counting polynomial H' (G) = H'(G, v, x, y, z) satisfies

H'(G) = H' (G_.) + 01"y - H'(G}.)

+0l171y (vxz — vx — 1) - H' (G+e), (4.30)

H (G' W G?) = H'(G") - H'(G?), (4.31)
H'(K;) =1+ vx. (4.32)
Proof. The proof is analogous to the proof of Theorem [4.11] i

Corollary 4.17. Let G = (V, E) be a graph. Thelextended subgraph counting poly

[nomial H(G, v, x,y) and theledge elimination polynomial é(G, x,y, z) are equiva-
lent graph polynomials related by

1
H' (G,v,x,y,z) = VI £(G, +vvx’ Y, XYz — Xy — %), (4.33)

, 1 z
g(G’x’y’z) = (x_ y)|V| -H (G’—’ Y,
xX—-y xX—-y

,1). (4.34)
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Proof. The statements can be derived via the relations to the|covered components|

(Corollary [4.7 and Theorem [4.15). O

Corollary 4.18. Let G = (V,E) be a graph. The |extended subgraph counting

H'(G,v,x,y,z) and the[subgraph counting polynomial H(G, v, x, y)
are equivalent graph polynomials related by

H'(G,v,x,y,z) = (1+vx —oxz)V! - H(G, , X2, 1Y) (4.35)

1+ ovx —ouxz

= (1+vx—wcz)|v| -H' (G ,xz,1,1), (4.36)

"1+ vx — vxz
H(G,v,x,y) =H'(G,v,x,y,1). (4.37)

Proof. The first equality follows by inserting both equalities of one of the rela-
tions stated above into each other. The second equality follows from the defini-
tion. O

4.5 The Trivariate Chromatic Polynomial

The [trivariate chromatic polynomialf|of a graph is the generating function for
the number of so-called “bad monochromatic” edges in its colorings.

Definition 4.19 (Definition 5 in [138]). Let G = (V, E) be a hypergraph. The
|trivariate chromatic polynomiad P(G, x,y, z) is defined (for x,y € IN, x > y) as

P(G, x, Y,z) = Z l_[ z. (4.38)

ecE
dc<yVvee: ¢(v)=c

The well-known |chromatic polynomial| counts the number of (vertex) color-
ings not including any monochromatic edges, which are edges whose incident
vertices are all colored by the same color. The [bad coloring polynomiall counts
all colorings, but with respect to number of monochromatic edges (also known
as “bad edges”), and thereby generalizes the [chromatic polynomiall Another
generalization of the [chromatic polynomial| is the |[bivariate chromatic polyno-|
where two color classes are considered, a set of “proper” colors, generating
“bad monochromatic” edges, and a set of “arbitrary” colors, generating “good
monochromatic” edges. The |bivariate chromatic polynomial| counts the number
of colorings not including any bad monochromatic edge.

Theltrivariate chromatic polynomiallcombines both generalizations by count-
ing all colorings using the colors 1, . .., x, but with respect to the number of bad
monochromatic edges, which are edges whose incident vertices are all colored by
the same (proper) color from 1,...,y.

IThe present author has introduced this graph polynomial under the name “bivariate bad col-
oring polynomial” in several talks, first time at a conference at the Zhejiiang Normal University
(Jinhua, China) in 2010. Because of the conflict of a “bivariate” polynomial in three variables, the
name is changed into the same used by White [[150|] for an almost similar graph polynomial.
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Proposition 4.20. Let G = (V,E) be a graph. Thel|trivariate chromatic polyno-

P(G, x,y,z) generalizes the|chromatic polynomial y(G, x), the |bad coloring
[polynomial 3 (G, x, z) and the[bivariate chromatic polynomial P(G, x,y) by

x(G,x) =P(G,x,x,0), (4.39)
%(G,x,2) = P(G, x,x, 2), (4.40)
P(G,x,y) = P(G, x,y,0). (4.41)

To get a coloring counted by the [trivariate chromatic polynomiall we can first
select a set of vertices which we color (independently) by one of the x—y arbitrary
colors, and then color the remaining vertices with one of the y proper colors.

Proposition 4.21. Let G = (V, E) be a graph. The(trivariate chromatic polynomial

P(G, x,y, z) satisfies

P(G,X, y9z) = Z (x - y)lWl : )N((Gew,y,z)~ (442)
wcv

Theorem 4.22 (Theorem 6 in [138]). Let G = (V, E), G!, G* be graphs and e € E
an edge of G. Theltrivariate chromatic polynomial P(G) = P(G, x, y, z) satisfies

P(G) = P(G-) + (z = 1) - P(Gfe) + (1 - 2)(x — y) - P(Gye), (4.43)
P(G' v G?) = P(G") - P(G?), (4.44)
P(K;) = x. (4.45)

Proof. We only prove the first equality, the other two follow from the definition
and are in full analogy to the chromatic polynomial and the mentioned general-
izations.

For the coloring of the vertices incident to the edge e there are three distinct
cases:

1. e is not monochromatic, i.e. not all vertices of e are mapped to the same
color ¢: AicYv € e: ¢(v) =c,

2. e is bad monochromatic, i.e. all vertices of e are mapped to the same color
c<y:de<yVvee: p(v) =c,

3. e is good monochromatic, i.e. all vertices of e are mapped to the same color
c>y:de>yVYvee: §(v) =c.

Let p1, p2 and ps be the |trivariate chromatic polynomial| of G enumerating
exactly those colorings of G corresponding to the first, second and third case,
respectively. Obviously, P(G) = p; + p; + ps.

Each coloring of G_, corresponds to a coloring of G, where the number of
bad monochromatic edges is counted correctly, except in the second case, where
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the vertices incident to e are colored by the same color ¢ < y and e is not counted
as bad monochromatic, as it does not appear in the graph:

IS(G—e) =D +% + ps.

Each coloring of G/, corresponds to a coloring of G, where all vertices in-
cident to e are mapped to the color ¢, to which the vertex arising through the
contraction of e is mapped. This covers the second and third case. But again, in
the second case e is not counted as bad monochromatic:

- D2

P(G/e) = ? + p3.
Each coloring of G4, corresponds to a colorings of G excluding the vertices

incident to e. If we assume that the vertices of e, as in the third case, are all

colored by the same color ¢ > y, then there are x — y for them:
p .
X—y
The statement follows by
P(G-¢) +(z=1) - P(Gje) + (1 = 2)(x = y) - P(Gre) = p1 + p2 + s
= P(G). O

P(GTe) =

From the recurrence relation above it follows, that the |trivariate chromatic|

is equivalent to the [edge elimination polynomiall

Corollary 4.23 (Corollary 7 in [138]). Let G = (V,E) be a graph. The
|trivariate chromatic polynomial P(G, x,y, z) and theedge elimination polynomial
&(G, x,y, z) are equivalent graph polynomials related by

13(G,x, y,2) = &(G,x,z—-1,(1 — 2)(x — 1)), (4.46)
£(G,x,y,2) = PG, x,x + 5 y+1). (4.47)

Proof. The first equality follows directly from the recurrence relation stated in the
theorem above. The second equality follows by algebraic transformations. ]

The following statement can be derived via the corollary above, but we give
an independent, more algebraic proof. In fact, we show theledge subset expansion|
of thetrivariate chromatic polynomiallby an argumentation analogous to the one
used for the [edge subset expansion|of the |bad coloring polynomial| [54, Theorem
9.6.6].

Theorem 4.24. Let G = (V,E) be a graph. Thel|trivariate chromatic polynomial
P(G,x,y,z) and the|covered components polynomiad C(G,x,y, z) are related by

P(G,x,y,2) = C(G,x,z - 1,2), (4.48)
X

C(G,x,y,z) = P(G,x,xz,y + 1). (4.49)
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Proof. We only prove the first equality, the second one follows by algebraic trans-
formations. Starting with the definition of the [trivariate chromatic polynomiall

(Definition we get

P(G,x, y,z) = Z l_l z

¢:V—{l,..., x} ecE
dec<yVoee: ¢(v)=c

= Z Zl{eeEleee: d(v)=c<y}|

¢: V—o{l,..,x}
= Z (Z -1+ 1)|{€EE|V‘U€e: ¢(v)=c<y}|
¢: V—{l,..,x}

RN
¢: V—{1,...,x} AC{ecE|Yvee: ¢(v)=c<y}

D

ACE ¢: V—{l,..,x}
Ac{ecE|Yvee: ¢(v)=c<y}

= 3 AW GW) (; _qylA

ACE
- Z k(G (7 _ pylal (T yeGa)
ACE x
_ y
=C(G,x,z—-1,=),
X

whereby the last but two identity holds as the vertices of each edge in A have
to be colored with the same color ¢ < y. Thus, for the vertices of each covered
connected component there are y colors possible and for the isolated vertices
there are x colors possible, which can be chosen independently of each other. O

Corollary 4.25. Let G = (V,E) be a graph. Theltrivariate chromatic polynomial
P(G,x,y, z) has the|edge subset expansion

P(G,x,y,2) = ) x/ODye@®) (g — 1)l (4.50)
ACE
Proof. The proof is included in the proof of the theorem above. O

Corollary 4.26. Let G = (V,E) be a graph. Theltrivariate chromatic polynomial
P(G, x,y,z) and the|subgraph counting polynomial are equivalent graph polyno-
mials related by

p 1 1-— _
P(G,x,y.2) = (x—z+1)!-H(G, -1, LZDEY))
x—z+1 x—z+1
(4.51)

1+ ovx

H(G,v,x,y) = V1. PG, X,y +1). (4.52)
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Proof. The statements can be derived via the relations to the |edge elimination|

(Corollary and Corollary [4.23). m

The [trivariate chromatic polynomial| and its recurrence relation given above
are utilized by Garijo, Goodall and Nesetfil [59, Theorem 34] to prove that the
ledge elimination polynomial|can be stated as counting graph homomorphisms.

Theorem 4.27 (Theorem 34 in [59])). Let G = (V,E) be a graph. The|trivariaid
\chromatic polynomial P(G, x,y, z) equals (for x,y,z € IN,x > y) the number of
homomorphisms of G into K}C_y + K, where K7, is the complete graph of n vertices
with z loops attached at each vertex and the graph K}C_y + K3 arises from the join of
a K}(_y and a K,

IS(G, x,1,z) = hom(G, K}C

_, +K2). (4.53)

4.6 Further Edge Elimination Polynomials

In this section we mention some other graph polynomials equivalent to the
lelimination polynomiall which are given in the literature.

4.6.1 The Hyperedge Elimination Polynomial

The |hyperedge elimination polynomiall (G, x, y, z) has been introduced by
White [150, Section 4] as an (explicit) “hyperedge version” of theledge elimination|
It is defined [150, Definition 1] by an identity similar to the expan-
sion of the |edge elimination polynomial|in terms of 3-partitions of the edge set
(4, Theorem 5] (Theorem[4.3), which instead of the number of covered connected
components of a spanning subgraph uses the number of connected components
in the edge-induced subgraph.

Definition 4.28 (Definition 1 in [150]). Let G = (V, E) be a hypergraph. The
[hyperedge elimination polynomial £ (G, x, y, z) is defined as

EG.xy2) = Y, xNOUUB)KGIBD IABI-KGEB) OB | (454)
(AUB)CE

where (A U B) C E is used for the summation over pairs of edge subsets
(A,B): A,B C E, such that the set of vertices incident to the edges of A and B
are disjoint: | Joeqa e N Ueecpe = 0.

White [[150, Proposition 1] shows that the fhyperedge elimination polynomiall
satisfies exactly the same recurrence relation that are used to define the
[elimination polynomial| (Definition [4.).
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4.6.2 The Subgraph Enumerating Polynomial

The first graph polynomial defined that is equivalent to the [edge elimination|

is in fact not the [edge elimination polynomial| itself, but the

[graph enumerating polynomial| defined by Borzacchini and Pulito more than two
decades ago.

Definition 4.29 (Equation (1) in [29]). Let G = (V, E) be a graph. The [subgraph]
lenumerating polynomial P(G, u, v, p) is defined as

P(G,u,v,p) = Z ulT(G(A»UlAlpk(G(A))’ (4.55)
ACE

where i(G) is the number of non-isolated vertices in G.

Furthermore, the authors also proved a recurrence relation with respect to
the usual three edge elimination operations.

Theorem 4.30 (Theorem 2 in [29]). Let G = (V,E),G!, G* be graphs and e € E
an edge of G. The[subgraph enumerating polynomial P(G) = P(G, u, v, p) satisfies

P(G) = P(G_¢) + u!™'0 - P(Gje) + 'Y (u — 1)vp - P(Gye), (4.56)
P(G* U G? =P(GY) - P(GY), (4.57)
P(Ky) = p. (4.58)

The [subgraph enumerating polynomial| is strongly related to the
[components polynomiall both differ only in the usage of the number of non-
isolated vertices and covered connected components, respectively.

Theorem 4.31. Let G = (V, E) be a graph. The|subgraph enumerating polynomial
P(G,u,v,p) and the|covered components polynomial C(G, x,y,z) are equivalent
graph polynomials related by

PG, u,0,p) =u"!-CG, 2,0, u), (4.59)
u
C(G,x,y,2) =z "V . P(G, z,y, x2). (4.60)
Proof. The first equality follows from

P(G,u,v,p) = Z UGN 141 pk(G(A)

ACE
_ Z ulV 1RGN +e(GAA) AL k(G (A
ACE
_ VI P k(G Al c(G(AY)
=u . - (% u
2, )

ACE

=4Vl C(G, B,v,u),
u

and the second one by algebraic transformations. ]
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4.6.3 The Trivariate Chromatic Polynomial by White

The [trivariate chromatic polynomial P(G, p, g, t) as introduced by White [150]
Section 6] equals the [trivariate chromatic polynomiall P(G, x,y,z) except a
change of the first two variables.

Proposition 4.32. Let G = (V,E) be a graph. Theltrivariate chromatic polyno-|
mial P(G, x,y, z) and the |trivariate chromatic polynomial by Whitd P(G,p, q, t)
are equivalent graph polynomials related by

P(G,x,y,z) =P(G,y,x,z), (4.61)
P(G,p,q.t) = P(G,q,p,1). (4.62)

White [150, Proposition 5] states an [vertex subset expansion|in terms of the
[pivariate chromatic polynomiall similar to the one for the Jtrivariate chromatic]

(Proposition [4.21).

4.7 Properties

In this section we list a few properties for the [edge elimination polynomials]
Some more results are already known and given in terms of the [covered compo-|

nents polynomiall [[139].

4.7.1 Encoded Invariants

It is known that the[covered components polynomiall of a graph encodes several
graph invariants Section 3]. We restate only two of the results here, men-
tion that a lot of “chromatic invariants” can be derived, and unify two results
concerning the number of vertices of a given degree.

That the number of vertices of a graph is encoded in its fedge elimination]
has been implicitly stated in the results about the equivalence of
these graph polynomials. This number can be determined as the degree of the
“first” variable of the graph polynomials.

Proposition 4.33. Let G = (V,E) be a graph. The number of vertices of G is
encoded in theledge elimination polynomials

V| = deg, (£(G. x,y,2)), (4.63)
= deg, (C(G, x,y,2)), (4.64)
= deg,(H(G,v,x,y)), (4.65)
=deg,(H' (G, v, x,y,z)), (4.66)

= deg, (P(G, x,y,2)). (4.67)
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One graph invariant that is not included in many graph polynomials is the
number of edge-induced subgraphs with given number of vertices, edges and con-
nected components. This number can be derived from the [covered components|
[139, Theorem 16], but a generalization can be easily obtained from
the coefficients of the[extended subgraph counting polynomiall

Proposition 4.34. Let G = (V,E) be a graph. The number of subgraphs with
exactly n vertices, m edges, k connected components, ¢ of them covered connected

components, denoted by g(n, m, k,c), is given as a coefficient of the
|graph counting polynomial H' (G, v, x, y, z):

g(n,m, k,c) = [0"x*y"z°1(H' (G, v, x, 1y, 2)). (4.68)

From the [trivariate chromatic polynomiall many chromatic invariants can be
determined. Beside the usual chromatic number, that is the minimal number of
colors necessary for a proper coloring of the vertices, also some extensions up
to the number of colors necessary for a partial coloring with a given number of
monochromatic edges.

Proposition 4.35. Let G = (V,E) be a graph. The minimal number of colors
necessary for a coloring of all but a vertices such that b edges are monochromatic,
denoted by ya.,(G), is encoded in theltrivariate chromatic polynomial P(G, x, y, z):

Xap(G) = min {x € IN | [0%2®](P(v + x, x, 2)) > 0)}. (4.69)

There are already two results concerning the encoding of the number of ver-
tices with a given degree: First, the number of vertices of degree 0, 1 and of
minimum degree can be determined from the [covered components polynomial|
[139, Section 3]. Second, the number of vertices of a given degree in a forest
is encoded in the [edge elimination polynomiall [139, Theorem 36] (shown by a
proof using the recurrence relation). Using the |trivariate chromatic polynomiall
both results can be unified.

Theorem 4.36 (Theorem 11 in [[138]). Let G = (V,E) be a graph. The number

of vertices with degree i in G, deg_l(G, i), is encoded in the|trivariate chromatici
polynomial P(G, x,y, 2):

deg™1(G, i) = [0'2EI"(P(G, v + 1,1, 2)), (4.70)

where |E| = degz(ﬁ(G, v+1,1,2)).

Informal this can be shown as follows: We consider the number of bad
monochromatic edges in a coloring using v arbitrary and 1 proper color. Each
term including v! corresponds to colorings where exactly one vertex is colored
by one of the v arbitrary colors and all other vertices are colored by the same
proper color. Hence, all edges except the edges incident to the one arbitrary col-
ored vertex are bad monochromatic, and their number is counted in the variable
z.
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For a proof following this argumentation, see [[138, Theorem 11]. Here we
give a slightly different proof using the [edge subset expansion]| of the

[chromatic polynomiall

Proof. Applying theledge subset expansion|of thetrivariate chromatic polynomial|

(Corollary [4.25),

P(G,x,y,z) = Z xHGAN ye(GD) (7 _ 1)lAl,
ACE

for ﬁ(G, v+ 1,1, z), it follows

P(G,v+1,1,2) = Z (v + 1)1 A 1eED) (7 _ 1)lAl
ACE

— Z (v + DIGDN (5 _ )l4l

ACE

— Z Z oWl(z — )kl

ACE W CI(G(AY)

Z Z oWl(z - l)lAI

W CV ACE(Gew)

=S WS e

wcv ACE(Gow )
= 3 oW IEGew,
wcv

Consequently, the coefficient in front of the monomial v'z!/¥!~% counts the num-
ber of vertices, whose deletion removes i edges, and hence the number of vertices
with degree i in G, deg_l(G, i). O

4.7.2 Derivatives

The following theorem is analogous to a statement given for the

[merating polynomiall [29, Theorem 4].

Theorem 4.37. Let G = (V,E) be a graph. The[subgraph counting polynomial
H(G, v, x,y) satisfies

0H(G,v, x,1)

V- H(G.v.x.y) = ) H(Goo. 0, %.y) + v o

veV

. (4.71)

Proof. The |subgraph counting polynomiall H(G, v, x, y) enumerates the number
of vertices, edges and connected components in the subgraphs of G, i.e.

H(G,v,x,y) = Z h(G,1i,j,k) vixjyk,
ij.k
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where h(G, i, j, k) is the number of subgraphs of G with i vertices, j edges and k
connected components.

By Kelly’s Lemma [85]], each subgraph with exactly i vertices is a subgraph of
|V| — i vertex-deleted subgraphs (with one of the |V| — i missing vertices deleted),
i.e. for all i, j, k we have

(V1= i) - h(G.ij k) = ) h(Gausi s k).

veV

Hence,

(IVI=1) Y h(G,i,j, k) o'x gk = 3" 3" h(Geus iy, k) v'xyF,

ijk veV i)k

Using the definition of the [subgraph counting polynomialland the identity

a Zi,j,k h(G’ i’j’ k) le]yk
¢ dv ’

i Y h(G,i,j,k) o'y =
i,j,k

the statement follows:

0H(G,v, x,1)

90 . O

V| -H(G,v,x,y) = Z H(Goy,v,x,y) + v

veV

4.7.3 Reconstructability

Kotek [89, Theorem 2.5] has shown that the [edge elimination polynomial| of a
simple graph with at least three vertices is reconstructable from the isomorphism
classes of its deck.

This is also possible without having exactly (the isomorphism classes of) the
graphs in the deck. It is enough to know the corresponding incidence matrix
N (G), defined by Thatte [133]], which represents how often any induced sub-
graph of G is induced in any other.

Corollary 4.38. Let G = (V, E) be a simple graph with at least three vertices. The
[covered components polynomial C(G, x,y, z) is reconstructable from the incidence
matrix N (G).

Proof. The statement follows directly from [133, Lemma 3.14] by the same ar-
gument used for the rank polynomial in [[133] Lemma 3.15]: From N(G) the
“number of subgraphs with v vertices (none of which isolated), e edges and [
[connected] components”, and hence all coefficients of the [covered components|

polynomial| can be determined. m|

For the polynomial reconstructability, the probably first affirmative statement
in this direction is given by Tutte for the [rank polynomial| [142;|143].
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Definition 4.39 (Equation (5) in [[142]). Let G = (V,E) be a graph. The
R(G, x,y) is defined as

R(G, x,y) = Z xr(G<A>)ylA|—r(G<A))’ (4.72)
ACE

where r(G(A)) = |V| — k(G(A)).

From this definition it follows, that additionally knowing the number of ver-
tices (or the number of connected components), the [rank polynomiall is equiv-
alent to the and consequently this is also reconstructable from its
polynomial deck.

Proposition 4.40. Let G = (V, E) be a graph. The|rank polynomial R(G, x, y) and
the[Potts model Z(G, x, y) are related by

R(G,x,y) = <§>'V' 2(6.2.), (4.73)

2G,x,y) =x"1-R@G, L, y). (4.74)
X

Lemma 4.41. Let G = (V,E) be a simple graph with at least three vertices. The
Z(G, x,y) of G is reconstructable from the polynomial deck D  (G).

Proof. From the polynomial deck of G for the Dz (G), the polyno-
mial deck of G for the [rank polynomial| Dr(G), can be calculated. From this the

frank polynomiall R(G, x, y) can be reconstructed [143| Theorem 7.4] and conse-
quently the Z(G, x,y) can be determined via Proposition [4.40]

For the transformations in both directions the number of vertices is neces-
sary. For the first direction, this can be calculated from the maximal power of x
appearing in the For the second direction, the number of vertices
equals the cardinality of the polynomial deck. ]

Bresar, Imrich and Klavzar [30]] have shown that graph polynomials counting
induced subgraphs of an “increasing family” of graphs are reconstructable from
the polynomial deck. This includes the result for the [clique polynomialland the
[independence polynomiall

We show that the[subgraph counting polynomial|of a graph is reconstructable
from its corresponding polynomial deck by applying Lemma [4.41]

Theorem 4.42. Let G = (V,E) be a simple graph with at least three vertices.
The |subgraph counting polynomial H(G, v, x,y) of G is reconstructable from the
polynomial deck Dy (G).

Proof. We use the [vertex subset expansion| of the [subgraph counting polynomial|

(Proposition [4.9):

H(G,v,x,y) = Z oW Z(G[W], x, ).
wcv
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Analogous to Kelly’s Lemma [85], in the sum of the polynomials in the poly-
nomial deck each summand of H(G, v, x,y) including v’ arises (|V| — i)-times,
because each subgraph with exactly i vertices is a subgraph of |V| — i vertex-
deleted subgraphs.

Hence, only the summands including v!V! are missing, which correspond
to the of G. We can calculate the of a graph from its
[subgraph counting polynomial| (Proposition[4.9) and consequently the same holds
for the polynomial decks, i.e. from Dy (G) we can calculate Dz (G). From this

polynomial deck, the of G can be reconstructed by Lemma[4.41] O

4.8 Relations to other Graph Polynomials

In this section we give some relations of the [edge elimination polynomials| to
other graph polynomials. While there are only three possible relations, namely
one graph polynomial can (proper) generalize the other, both are equivalent, or
both can not be related (are “incomparable”), for different graph classes (forests,
simple graphs, graphs) different situations may occur.

4.8.1 Relation to the U-polynomial

Noble and Welsh [[107} Proposition 5.1] define the [U-polynomial U(G, X, y) as an
unweighted version of the [weighted graph polynomiall Averbouch, Godlin and

Makowsky [5, Subsection 1.3] asked, “whether ¢(G, x, y, z) can be obtained as a
substitution instance of” the We show, that for graphs without

loops (but with parallel edges allowed) this is the case, otherwise it is not.

Theorem 4.43. Let G = (V,E) be a graph without loops. The [U-polynomial
U(G, X, y) generalizes the|covered components polynomial C(G, x,y, z) by

C(G,x,y,2z) =U(G, X",y +1) (4.75)
where X = (x7,... ’XI/VI) with x{ = x and x| = xy'~z forallie {2,...,|V]}.

Proof. Substituting the variables in the[U-polynomialas given above, where k;(G)

is the number of connected components with exactly i vertices, we get

UG, X ,y+1)
[V
— Z 1_[xl(ki(G(A»ylAl—lV|+k(G<A>)
ACE i=1
LA
= 3 O [T sy 1O Al IV 1K(G )
ACE i=2
— Z xk(G<A>)y|VI—k(G<A>)ZC(G<A>)y|A|—|V|+k(G(A))
ACE

= C(G,x, vy, 2). O
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.L L—.

G! G?
G3 G*

Figure 4.1: G' and G? are graphs with the same but different [cov-

lered components polynomial, G* and G* are graphs with the same |covered com-

[ponents polynomial| but different [U-polynomial]

Proposition 4.44. Let G = (V,E) be a graph and e € E a loop of G. The[U]
[polynomial U (G, X, y) satisfies

UG, X,y) =y-U(G-e, X, 1). (4.76)

From the proposition above it follows that shifting loops does not change
the but it may change the [covered components polynomiall An
example is the path P; on three vertices with a loop at an outer vertex or at the
inner vertex. In fact, the minimal example with respect to the number of vertices
is a graph consisting of two vertices with two loops at one vertex or one loop at
each vertex.

Remark 4.45. The [covered components polynomial and the of

graphs are not related to each other. This can be observed as follows: The graphs
G! and G? in Figure which are paths on 3 vertices with a loop attached to
an outer or an inner vertex, have the same but different
lcomponents polynomiall observe for example the coefficient of x?y?z? that is 0
and 1, respectively. The graphs G* and G* in Figure [139, G° and G° in Figure
2] have the same [covered components polynomiall but different

notice for example the coefficients of x;x4 that is 1 and 0, respectively.

4.8.2 Relation to the Chromatic Symmetric Function

The [chromatic symmetric function| X (G, X), originally defined by Stanley [130]],

is a specialization of the (107, Theorem 6.1]. For simple graphs it
is incomparable with the [covered components polynomiall

Remark 4.46. Thecovered components polynomial{and the|chromatic symmet-|
of simple graphs are not related to each other in general. This can be
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ZAN NN\

G® G°
G G®

Figure 4.2: G° and G°® are graphs with the same [chromatic symmetric function|
but different [covered components polynomial, G’ and G® are graphs with the
same [covered components polynomiall but different [chromatic symmetric func-|

ftion

observed as follows: The graphs G° and G® in Figure G and H in Figure
1] have the same [chromatic symmetric function| but different [covered compo-|
fnents polynomial, notice for example the coefficient of x?y°z. The graphs G’ and
G® in Figure4.2] G° and G° in Figure 2] have the same [covered components|
but different [chromatic symmetric function] because all trees with
at most 23 vertices have a unique |chromatic symmetric function| Section 0,
due to Tan].

The situation changes if only trees are considered.

Remark 4.47. The|chromatic symmetric function| generalizes the

[ponents polynomial| of trees. This can be concluded from the relations of both
polynomials to the For trees, the|chromatic symmetric functionis
equivalent to the[U-polynomial|(“[107, Theorem 6.1] is easily seen to be reversible

for trees” [101} Section 0]), and the [U-polynomial| generalizes the[covered compo-|
[nents polynomial| (Theorem [4.43).

4.8.3 Relation to the Subgraph Component Polynomial

The [subgraph component polynomiall Q(G, x, y) is the generating function for
the number of vertices and connected components in the induced subgraphs.

It is known that the [subgraph component polynomial| of the line graph L(G)
can be derived from the [edge elimination polynomial| of G Theorem 23].
We show that for forests the [subgraph counting polynomial| and the
[component polynomiallare equivalent to each other.

Theorem 4.48 (Theorem 8 in [[138]]). Let G = (V,E) be a forest. The [sub]
|graph counting polynomial H(G, v, x,y) and the|subgraph component polynomia
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Q(G, v, x) are equivalent graph polynomials related by

H(G, v, %, 1) = O(G, v(x +y), x%y), (4.77)

0(G,v,x) =H(G,v,x,1-x). (4.78)

Proof. We start with the [vertex subset expansion|of the [subgraph counting poly-|
nomial|in terms of the (Proposition[4.9). The of a forest
depends only on the number of vertices and the number of connected compo-
nents (each edge reduces the number of connected components by one), hence
we have

H(G,v,x,y) = Z oWl Z(GIW], x,y)
wcv

= 3 oW LGV () WI-RGID),
wcv

Then the first equality follows by

X L \KGIWD)
QG v(x+y), —) = >, @(x+y)"! (—)
xX+y wev xX+y
- Z oW k@I (4 ) IW I=KGIW D
wcv
= H(G,v,x,y),

and the second equality follows by

H(G.o.x,1-x)= . oW IHOIVD (1) VI=kGW)
wcv

= ) olWikEm)
wcv

= Q(G, v, x). O

Remark 4.49. The|subgraph component polynomialland the|subgraph counting]
of simple graphs are not related to each other. This can be observed
as follows: The graphs G’ and G'° in Figure Gs and G, in Figure 2]
have the same|subgraph counting polynomial, but different|subgraph component|
notice for example the coefficient of v®x!. The graphs G!! and G
in Figure G7 and Gg in Figure 1] have the same [subgraph component poly-|
nomial] but different [chromatic polynomiall and hence different [subgraph count
(For non-simple graphs this follows already from the fact that
the [subgraph component polynomiall does not consider parallel edges and loops,
which the[subgraph counting polynomial| does.)
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S
SO

Figure 4.3: G’ and G'° are graphs with the same [subgraph counting polynomiall
but different [subgraph component polynomial, G'! and G'? are graphs with the
same [subgraph component polynomial| but different [subgraph counting polyno-|

fmiall

4.8.4 Relation to the Extended Negami Polynomial

The |extended Negami polynomiall f (G,t,x,y, z) counts vertex mappings with
respect to the images of the vertices incident to the edges.

Definition 4.50 (Page 327 of [[105]). Let G = (V,E) be a graph. The
|Negamipolynomia4f(G, t,x,y, z) is defined (for t € IN) as

f(G.t.x,y.2) = Z 1_[ w(e), (4.79)

where
x+y ifVoee: ¢g(v) =1,
w(e) =qz+y ifdc#1Yvee: ¢p(v) =c, (4.80)
y if AcVov € e: ¢(v) = c.

The [extended Negami polynomial|is a proper generalization of the [Negami

[104], which is known to be strongly related to the [Tutte polynomiall
[109]] and hence also to the

For thelextended Negami polynomiallno more relations then those via its non-
extended version are known. We also have no statement connecting the[extended|
[Negami polynomiall and the [trivariate chromatic polynomiall but we can define
another specialization of both in two variables, which seems not to be equivalent
to the other graph polynomials in two variables we have mentioned, including
the Negami polynomial| the [Potts model] the [bivariate chromatic polynomialland
the [subgraph component polynomiall
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Theorem 4.51. Let G = (V,E) be a graph. There are specializations of the
|trivariate chromatic polynomial P(G, x, y, z) and the|extended Negami polynomial
f(G,t,x,y, z) that equal each other:

P(G,x,x—1,2z) = f(G,x,0,1,z — 1) (4.81)

Proof. The|trivariate chromatic polynomial|can be stated as

P(G,x,y,z) = Z I_IW(G)’

where

{z if dc < yVo € e: p(v) =c,
w(e) =

1 else.

Consequently, for 13(G, x,x — 1, z) the function w(e) changes to

w(e) =

z ifdc<x-1Vvee: ¢p(v)=c,
1 else,

which equals the corresponding function for f (G,x,0,1,z — 1) (with exception
that the colors / states are renamed). O

4.8.5 Relation to the Bivariate Chromatic Polynomial

By Proposition [4.20} the |bivariate chromatic polynomiall is a specialization of
the [trivariate chromatic polynomiall and for forests both are equivalent. This is
shown by the present author for the |covered components polynomial| [139} The-
orem 38]. Here we show the equivalence of the bivariate|and [trivariate chromatic]
more directly by making use of the fact that for forests the number
of edges is determined by the number of vertices and the number of connected
components.

Theorem 4.52. Let G = (V,E) be a forest. The|trivariate chromatic polynomial
P(G,x,y,z) and the |bivariate chromatic polynomia4 P(G, x,y,z) are equivalent
graph polynomials related by

x y )
1-2z2"1-2"
P(G,x,y) = f’(G, x,Y,0). (4.83)

P(G,x,y,2) =(1-2)"VI. PG

(4.82)

Proof. Using theledge subset expansionk of both polynomials (Corollary [4.25), the
statement follows by

P(G,x,y,z) = Z xHGAN ye(G) (7 _ )lAl
ACE
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| 12 1.

G13 G14

Figure 4.4: G'* and G* are graphs with the same |bivariate chromatic polynomiall
but different ftrivariate chromatic polynomiall

= 3 AW EG) (1 )VI-KGAN ()lA

ACE
3 x \i(G(A)) c(G(A))
-3 (O ()
AcE -z 1-z2
:(1—2)_|V|P(G, al ’ y ) =
1-z 1—-2z2

Remark 4.53. The [trivariate chromatic polynomial| properly generalizes the
[variate chromatic polynomial| of simple graphs. This can be concluded from the
graphs G'* and G' in Figure[4.4)[139, G! and G? in Figure 1], which have the same
[bivariate chromatic polynomiall but different covered components polynomials,
observe for example the number of vertices of degree 4.

4.8.6 Relation to the Wiener Polynomial

The [Wiener polynomiall W(G, x) is the generating function for the distance of
two vertices.

Definition 4.54 (Equation 1 of [[120]). Let G = (V, E) be a connected graph. The
[Wiener polynomial W (G, q) is defined as

WG = Y q', (4.84)

(wovle(y)

where d(G, u, v) is the distance of the vertices u and v in G.

Remark 4.55. The|covered components polynomial and the Wiener polynomiall
of simple graphs are not related to each other. This can be observed as follows:
The graphs G'> and G in Figure 4.5, which are a cycle on 4 vertices and a cycle
on 3 vertices with an additional pendent edge, have the same [Wiener polynomial|
(2 pairs of vertices of distance 2, all other pairs have distance 1), but different
lered components polynomial| observe for example that the coefficient of x%y°z?
is 0 and 1, respectively. The graphs G!” and G'® in Figure 4.5/ [139, G®> and G° in
Figure 2] have the same [covered components polynomiall but different
notice for example that G'2 has two vertices of distance 7, which G!!
does not have.
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[ ] N

G15 Glﬁ
G17 GIS

Figure 4.5: G'° and G° are graphs with the sameWiener polynomial, but different
lcovered components polynomial, G'” and G'® are graphs with the same [covered|
[components polynomiall but different[Wiener polynomiall
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Chapter 5

The Generalized Subgraph
Counting Polynomial —
A Unifying Graph Polynomaial

The [edge elimination polynomiall and the [subgraph component polynomial| are
“most general graph polynomials” with respect to recurrence relations using dele-
tion, contraction and extraction of an edge [4, Theorem 3], and deletion, neigh-
borhood deletion and contraction of a vertex [134, Theorem 22], respectively.
That means that every graph polynomial satisfying such recurrence relation can
be calculated from them.

In Section we define the |generalized subgraph counting polynomiall a
unifying graph polynomial in the sense that it generalizes both the
mation polynomial| (by generalizing the |subgraph counting polynomial) and the
[subgraph component polynomiall As main result of this chapter we prove a re-
currence relation of the newly introduced graph polynomial applicable for hy-
pergraphs.

Some relations to other graph polynomials and some properties are given in
Section [5.2]and Section 5.3 respectively. In the last we give some evidence, why
the [generalized subgraph counting polynomial probably is not “a most general
graph polynomial” with respect to the recurrence relation satisfied by itself.

While most of the definitions and statements in this chapter are given for
graphs, many of them are also valid in the case of hypergraphs. For this, it may
be necessary to generalize known graph polynomials to hypergraphs, their defi-
nitions are given accordingly in Appendix [A]

5.1 Definition and Recurrence Relation

The |generalized subgraph counting polynomial| extends the [subgraph counting]
[polynomial by additional counting the number of edges in the subgraphs induced
by the vertex set of the considered subgraph.
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Definition 5.1. Let G = (V, E) be a hypergraph. The|generalized subgraph count
F(G, v, X, Y, z) is defined as

F(G,v,x,y,2) = Z Z)IWka(H)ylFIzll‘f(G[W])l. (5.1)
H=(W,F)CG

Thelgeneralized subgraph counting polynomial|of a hypergraph satisfies a re-
currence relation where additional to the already used edge operations (deletion,
contraction and extraction of an edge), the deletion of a subset of the vertices
incident to an edge is applied.

Theorem 5.2. Let G = (V, E), G!, G? be hypergraphs and e € E an edge of G. The
|generalized subgraph counting polynomial F(G) = F(G, v, x, y, z) satisfies

F(G) =z F(G-,) + v*I"'yz - F(Gje) = 0!I "'yz - F(Goe)

+(z=1)- Y (D™ F(Gep), (5.2)
OcBce
F(G'wG? = F(GY) - F(GY),
F(Ky) =1+ ox.

Proof. The second equality (multiplicativity in components) holds as the sub-
graphs in different components can be chosen independently from each other,
and the third equality (initial value) holds by definition. Therefore, it only re-
mains to show the first equality.

Let [W’, F’] be the [generalized subgraph counting polynomial| counting ex-
actly those subgraphs H = (W, F) of G with W Ne = W’ and F N {e} = F’. We
have

F(G-e) = ) [A,0]+ [e;m,
Ace
F(Gr) = [0.0]+ 1ot
v yz
F(Gep) = ), [A.0],
AcCe\B

where O C B C e. The statement follows by

z-F(G_,) + v|e|_1yz - F(Gye) — vlel_lyz - F(Gge)
+Hz=1- > (-1)""'- F(Gep)
OcBCe

=z- > [A,0]+[e,0]+ 0" 'yz - [0,0] + [e, {e}] — 0! "'yz - [0,0]

AcCe

Hz=1)- > (=D 3 [4,0]

OcBce ACe\B
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= Z [A, 0] + [e, 0] + [e, {e}]

Ace
Hz=1)- Y [A0+ (-1 > ()P Y [4,0]
AcCe (PcCBCe ACe\B
=F(G),

where the last identity holds because

PRGOS YY)

OcBCe AcCe\B
_ Z (—1)lelI=1BI. Z [A, 0]
OCBce ACB
=, [0 (—1>—'B']
Ace CBce
= D (A0 [ D, (7P~ (—1)'8']
Ace ACBcCe
= 2, A0 DD
Ace
= - Z [A, 0]. o
AcCe

Corollary 5.3. Let G = (V,E) be graphs and e = {u,v},f = {v} € E a link and
a loop of G. Thelgeneralized subgraph counting polynomial F(G) =

F(G,v,x,y,2)
satisfies
F(G) = z- F(G—.) + vyz - F(G.) + (z — 1 — vyz) - F(Gy)
+(1—=2) - F(Gou) + (1 = 2) - F(Geo), (5.5)
=(z+yz) - F(G_f)+ (1 —z—-yz) - F(Gyr). (5.6)
Proof. The statement follows directly from the theorem above. ]

5.2 Relations

The [generalized subgraph counting polynomial| is a generalization of both the
[subgraph counting polynomialland the [subgraph component polynomiall While
the first fact follows directly from the definition, for the second one we have
to show that we can extract the terms corresponding to subgraphs including all
edges appearing in the induced subgraph on the same set of vertices.

Proposition 5.4. Let G = (V,E) be a hypergraph. The |generalized subgraph
[counting polynomial F(G, v, x,y, z) generalizes the|subgraph counting polynomial
H(G,v,x,y) by

H(G,v,x,y) = F(G,v,x,y,1). (5.7)
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Theorem 5.5. LetG = (V, E) be a graph. The|generalized subgraph counting poly-|
F(G,v,x,vy, z) generalizes the|subgraph component polynomial Q(G, v, x)
by

Q(G,v,x) = F (G, v, x, é,z) (5.8)

z=0

Proof. Substituting y by % in the definition of the |generalized subgraph counting|
we get

F(G.o,x. 2. 2) = D oW k) (LyiF1IEGIW D)
z z
H=(W,F)CG
_ oW k() IEGIW D)I=IF|

H=(W,F)CG

Substituting z by 0, all summands corresponding to subgraphs with |E(G[W])| #
|F| equal 0, hence for each vertex subset W only one subgraph is counted (in the
case |[E(G[W1])| = |F|) and therefore the statement follows:

1
F(G,0,%, = D)o =y, o VIFE[EGIW])| = |F]
z H=(W.F)<G
- Z oW I k(GIW )
wcv
= Q(G, v, x). O

Corollary 5.6. LetG = (V,E) be a graph and e = {u,v},f = {v} € E alink and a
loop of G. The|subgraph component polynomial Q(G) = Q(G, v, x) satisfies

Q(G) =v-Q(Gye) — (1 +0) - Q(Gye) + Q(Gou) + Q(Gow), (5.9)
=0Q(G-r). (5.10)

Proof. The statement follows directly by applying the relation to the
[subgraph counting polynomial|(Theorem|5.5) in its recurrence relation (Corollary

5.3). m|

Remark 5.7. The|generalized subgraph counting polynomial|is a proper gener-
alization of both thesubgraph counting polynomialland the|subgraph component]
This results from the pairs of non-isomorphic graphs having one of
the graph polynomials in common, but not the other one (Remark [4.49).

In contrast, for forests all three graph polynomials are equivalent.

Theorem 5.8. Let G = (V,E) be a forest. The |generalized subgraph counting|

[polynomial F(G, v, x, y, z) and the[subgraph component polynomial Q(G, v, x) are
equivalent graph polynomials related by

0(G,v,x) =F (G,v,x, %,z) , (5.11)

z=0
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F(G,v,x,y,z) = Q(G,v(x + y)z, ). (5.12)

x
(x+y)z
Proof. The first equality results from the situation for graphs (Theorem 5.5). For
the second equality we can argue, that from the term of the[subgraph component]
(counting |W| and k(G[W1])), the number of edges in the induced sub-
graph can be determined (|JE(G[W])| = |W| — k(G[W])). Then, by assuming that
an edge may be in a subgraph or not, we can extend the summation to all sub-
graphs, where the number of connected components in the subgraph increases
by one for each missing edge. That means, starting with the definition of the
[subgraph component polynomiall the statement follows by

G7 + s N
QG vl + 9z, o)
X k(G[W])
= > <v<x+y)z>'w'( )
W (x+y)z
— Z Z)IWIXk(G[W])(x+y)IWI—k(G[W])ZIWI—k(G[W])
wcv
= 3 oWIOID (x4 ) EGIWDIIEGIV D)
wcv
_ Z Ulwlxk(G[W]){ xIE(G[W]\F)IyIFI]ZIE(G[W])I
wcv FCE(G[W])
_ z,IWka(G[W])+|E(G[W]\F)|yIFlzlE(G[W])I
W CV FCE(G[W])
= 3 oWk G
H=(W,F)CG
=F(G,v,x,y,z2). |

The equivalence for forests of the [subgraph counting polynomialland its
leralized version| can be concluded from the theorem above and its equivalence
to the [subgraph component polynomial| in the case of forests (Theorem [4.48).
However, we state it directly because of the maybe interesting proof.

Theorem 5.9. Let G = (V,E) be a forest. The |generalized subgraph counting

F(G, v, X, Y, z) and the|subgraph counting polynomial H(G, v, x, y) are
equivalent graph polynomial related by

H(G,v,x,y) =F(G,v,x,y,1), (5.13)
F(G,v,x,y,z) = H(G,v,x,xz + Yz — x). (5.14)

Proof. The first equality follows directly from the definitions. For the second
equality we compare the recurrence relation for both graph polynomials in case
of pendent edges, which are edges such that at least one incident vertex has de-
gree 1.
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Because each non-empty forest has at least one pendent edge, a graph poly-
nomial of a forest can be calculated recursively by a recurrence relation for pen-
dent edges (together with the multiplicativity with respect to components and an
initial value).

Let e = {u,v} € E be a pendent edge of G with deg(G,u) = 1. From the
recurrence relation for the |generalized subgraph counting polynomial F(G) =
F(G,v,x,y, z) of an arbitrary edge (Theorem we get

F(G) =z-F(G_,) +vyz - F(Gje) + (z — 1 — vyz) - F(Gye)
+(1—2) - F(Gou) + (1 — 2) - F(Geou)
=z(1 +vx) - F(Gey) + vyz - F(Gey) + (z — 1 —vyz) - F(Gouew)
+(1=2) - F(Ggy) + (1 —2)(1 +vx) - F(Gsyp)

= [vxz + vyz + 1] - F(Gey) + [vx — vxz — vyz] - F(Geyeu),
and for H(G) = H(G, v, x,y) = F(G, v, x, y, 1) it follows
H(G) = [vx + vy + 1] - H(Geu) + [-vy] - H(Gouso)-

Therefore, H(G, v, x, xz + yz — x) and F(G, v, x, y, z) satisfy the same recurrence
relation and consequently the second equality holds. O

In the literature there is another graph polynomial generalizing both the [edge]
[elimination polynomialland the|subgraph component polynomiall thehomomor-|
jphism polynomial| H(G, k, x, y, z) [59} page 1044] defined by Garijo, Goodall and
Nesetiil. It is defined as the number of homomorphisms from G to the graph
Hi x.y.2» H(G, k, x,y, z) = hom(G, Hg xy,-), where H  , . is the join of a K7 with
the disjoint union of y copies of KZ, where K'. is a complete graph on n vertices
with [ loops attached at each vertex. The authors give a|vertex subset expansion|

of the graph polynomial in terms of the of induced graphs, which
can be rewritten such that the difference to the [generalized subgraph counting]

polynomiall becomes more clear.

Proposition 5.10 (Page 1044 in [59])). Let G = (V, E) be a graph. The[homomor
[phism polynomial h(G, k, x, y, z) satisfies

Gk, x,y,2) = Y KV IEWIFCWDp(GIw], x, 2) (5.15)
wcv
- Z kIVI=IW 1 k(GIW D) yk(H) ,IF |, (5.16)
H=(W,F)SG

Therefore, in addition to renaming variables, the difference between the
leralized subgraph counting polynomiall and the homomorphism polynomial| is
that the first counts the edges and the second counts the connected components
in the subgraph induced by the vertex set of the considered subgraph.

But this fact gives no straightforward insight into the relation of both graph
polynomials and hence this is an open problem (Question|[6).
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5.3 Properties

5.3.1 Polynomial Reconstructability

Thelgeneralized subgraph counting polynomial|of a graph is reconstructable from
its polynomial deck by the same line of arguments valid for the non-generalized|
(Theorem [4.42), caused by a similar [vertex subset expansion|as a sum
over [Potts models]

Proposition 5.11. Let G = (V, E) be a graph. The|generalized subgraph counting

F(G, v, X, Y, z) generalizes theZ(G, x,y) by

Z(G,x,y) = 0V(F(G, v, x,y,1)), (5.17)

and has the|vertex subset expansion|

F(G,v,x,y,2) = Z oI WIIEGIW DI - Z(G[W], x, 7). (5.18)
wcv

Theorem 5.12. Let G = (V, E) be a simple graph with at least three vertices. The
|generalized subgraph counting polynomial F(G, v, x,y, z) of G is reconstructable
from the polynomial deck Dr (G).

Proof. We use the|vertex subset expansion|of the [generalized subgraph counting|

(Proposition [5.11):

F(G,v,x,y,2) = Z oW ILIEGIW]) - Z(G[W], x, 1).
wcv

Analogous to Kelly’s Lemma [[85]], in the sum of the polynomials in the poly-
nomial deck each summand of F(G, v, x, y, z) including o' arises (|V| — i)-times,
because each subgraph with exactly i vertices is a subgraph of |V| — i vertex-
deleted subgraphs.

Hence, only the summands including v!V! are missing, which correspond to

the of G (the factor z!E! can be determined as degy(Z(G, x,y))). We

can calculate the Potts model of a graph from its [extended subgraph counting]

(Proposition [5.11) and consequently the same holds for the polyno-

mial decks, i.e. from Dr(G) we can calculate D (G). From this polynomial deck,

the of G can be reconstructed by Lemma [4.41 O

5.3.2 Non-isomorphic Graphs with Coinciding Generalized Sub-
graph Counting Polynomial

We have already shown that the [generalized subgraph counting polynomial is
a proper generalization of the [subgraph counting polynomiall and the
[component polynomiall This can also be seen from the fact that the last two do
not distinguish all simple graphs with 8 vertices, which is done by the first.
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1. [ .

Glg G20

Figure 5.1: G and G*° are two non-isomorphic graphs with the same
[subgraph counting polynomiall

Remark 5.13. Thelgeneralized subgraph counting polynomial|distinguishes sim-
ple graphs with less than 9 vertices. The graphs G!° and G*° of Figure [5.1|are the
minimal non-isomorphic graphs (minimal with respect to the number of vertices)
with the same [generalized subgraph counting polynomiall

For forests, all three mentioned graph polynomials are equivalent (Theorem
and Theorem[5.9). Therefore, the pairs of non-isomorphic trees with the same
[covered components polynomiallhave also the same|generalized subgraph count-|

For all those pairs with up to 12 vertices, see [139, Figure 2 and
Figure 3].

5.3.3 Not Necessarily a “Most General” Graph Polynomial

The [edge elimination polynomialland the [subgraph counting polynomiall are the
most general graph polynomials with respect to those graph polynomials satisfy-
ing a similar recurrence relation. However, it seems unlikely that the same holds
for the [generalized subgraph counting polynomiall

Definition 5.14. Let G = (V,E),G',G? be a graphs and e = {u,v},f =
{w} € E alink and a loop of G. The (non-invariant) graph polynomial Z(G) =
=(G,a,B,y,0,€,,x) is defined by

E(G)=a-E(G-.) + B E(G/e) ty- E(GTe) (5.19)
+0 - E(Ggy) + 6 - E(Goy), (5.20)

Z(G) =¢€- E(G_f) +(- E(GTf ), (5.21)
E(E,) = x". (5.22)
We determine sufficient conditions of the parameters «, . . ., {, such that the

graph polynomial Z(G) is an invariant.

Remark 5.15. We have already assumed that the coefficients of Z(Gg,) and
=(Gey) are equal (here §), because this is obviously a necessary condition for an
invariant graph polynomial.
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Figure 5.2: Different cases for the elimination of two edges e and f.

By Theorem [3.16]it follows that the graph polynomial Z(G) is multiplicative
in components.

We have to determine under which conditions the application of the re-
currence relation for two edges is interchangeable. This approach and also
the following analysis are analogous to those given by Averbouch, Godlin and
Makowsky [3| Section 3.3; /4, Section 2].

Theorem 5.16. The graph polynomial (G, a, B,y, 9, €,{) is an invariant graph
polynomial if the following equations are satisfied:

(¢ = 1)y = (B + )6, (5.23)
(-1 =6(e-1), (5.24)
(B+6) =y(e—1). (5.25)

Proof. We have to check all situations of the mutual location of two edges, either
these are two links, a link and a loop, or two loops. The cases are displayed in
Figure

Let EF? be Z(G') calculated by eliminating first the edge e and second the
edge f and let FE' be Z(G") calculated by eliminating first the edge f and second
the edge e. The conditions must be determined, under which the arising graph
polynomial is independent of the order of the elimination of the edges e and f, i.
e. EFF =FE' =0fori=1,...,7.

If the two edges have no common vertex, as in the graphs G!, G? and G, or
are symmetrically, as in the graphs G® and G’, the graphs occurring and their
prefactors do not depend on the order of the operated edge. Hence, the resulting
polynomials EF! and FE! are identical fori = 1,2, 3,6, 7.
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It remains to check the cases for i = 4, 5, where we write G; instead of Z(G;)

for the sake of brevity.
The graph G* contains the edges e = {u, v} and f = {v, w}. We have
EF'=a-G_¢+f-Gje+y - Gie +0-Goy + 8 - Goo

= o [0{ : G—e—f + ﬁ : G—e/f Yy G—eTf +08-G_eop +0- G—eew]
+Blo-Gre—g +P-Gresr +v - Gretf +6-Greov + 6 - Greow]
+Y - Gie
+4- [0( ' Geu—f + ,B ' Geu/f Y- Gequ +6- Gousv + - Geuew]
+90- Gev

and
FE*=a-G_f +B-Gj +y-Gif +8-Goo + 8- Gow
= a[a-Gf e+f -G ety G rte+d -G rou+d-G_frool
+,B’[a'G/f—e+,B'G/f/e+Y'G/fTe+5’G/feu+5'G/fev]

+y - Gyf
+ 5 . GG‘U
+0- [0{ : Gew—e + ﬁ : Gew/e ty- GewTe +d- Geweu +0- G@w@v]-

Using the commutativity of the following operations

G—e—f = G—f —e>s G—e/f = G/f —e>s G-cow = Gow-e»
Gle-f = G-fre Greif = Gifes Gleow = Gow/e
Geu—f = G—f ou>s Geu/f = G/f ou> Gousw = Goweous

and the following identities

Geo =G_eov = G—f ov»
Geuev = G/eev = GTe = G—f Tes
Govow = G—eTf = GTf = Govows

Gousvew = Gretf =Girte = Goutf = Gowtes
we get as a necessary condition for a graph invariant that
EF; — FE; = (Geuoo — Govew)  (—ay + p +y + 8%) =0,
which equals
(a = 1)y = (B +9)d. (5.26)
The graph G° contains the edges e = {u, v} and f = {v}. We have

EF5=a-G_e+ﬁ-G/e+y-GTe+5-G9u+5-Gev
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a6 Gy +0 Goeir]
+B-[€ Gleep +{ - Geif]
+Y - Gre
+0-[e-Gouy +{ Gouirf]
+0-Goy

and

FE’

E-G_f +§'GTf
= 6'[a'G—f—e+ﬁ'G—f/e+Y'G—fTe+5'G—feu+5'G—fev]
+éV‘GTf~

Using the commutativity of the following operations

Goef=Gyr-e G =Gy, Gre—f = G—fles
Greif = Gypes Gou-f =G-fous  Gour =Gjfou

and the following identities

Gow = G—eTf = GTf =G_eov = G—f ov>
Geuev = G/eev = GTe = G—f te = Gequ = G/eTf = G/f Tes

we get as a necessary condition for a graph invariant that

EF5—FE5:Geuev~([3§+y+5§—ey)
+Gep- (@l +6-8e-{) =0,

which equals

(@ =1)0 = d(e = 1),
(B+38) =y(e—1). O

The [edge elimination polynomial| corresponds to the case § = 0, ¢ = a +
and { = y. Thereby, the second equation is fulfilled and the third one equals the
first one. The first equation has in fact two different solutions, « = 1 and y = 0.
Hence, to show that this graph polynomial is “a most general” one satisfying such
kind of recurrence relation, it has been necessary to argument that the case ¢ = 1
is more general than y = 0. This holds, because the second case is equivalent to
the [4, Equation 21].

While the [generalized subgraph counting polynomiall also satisfies the equa-
tions given in the theorem above, there are much more solutions for them.
Whether each of these solutions is a specialization of or equivalent to the
falized subgraph counting polynomial|is an open problem (Question/[7), but at least
it seems to be unlikely. Therefore, to attack this problem, it seems appropriate
to look for solutions corresponding to graph polynomials distinguishing non-
isomorphic graphs with the same |generalized subgraph counting polynomial| for
example G! and G? in Figure
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Chapter 6

Conclusion

The aim of this dissertation is to make some progress to a better understanding
of graph polynomials and their relations. This is done by

o collecting several concepts used to define graph polynomials and stating
relations between them (Chapter [3),

e introducing graph polynomials equivalent to the [edge elimination poly-|
and thereby linking a graph polynomial defined by a recurrence
relation to the counting of (spanning) subgraphs and colorings (Chapter [4),

o defining a graph polynomial that unifies several of the well-known graph
polynomials (Chapter 5).

We think some evidence is given that the investigation of equivalent graph
polynomials can be very useful, although or rather because these are mathemat-
ically the same.

We have restricted our investigation to graph polynomials associated to hy-
pergraphs with a constant number of variables. Therefore, neither graph poly-
nomials associated to other graph-like structures, for example directed graphs,
graph embeddings and knots, nor multivariate graph polynomials, where usu-
ally a variable for each vertex or edge is used, are considered here. Furthermore,
the topic of this thesis has been concentrated on graph polynomials that can be
defined by or satisfy a recurrence relation.

For sure, this sole work can not cover all topics related to graph polynomials,
not even with the mentioned restrictions. But it seems that graph polynomials get
a lot of attention in the last years, especially from PhD students. Hence, together
with the theses of Averbouch [3], Csikvari [43] and Hoffmann [78]], whose topics
are all mostly mutually disjoint, there has been some progress “towards a general
theory of graph polynomials” [[100].

In the following Section [6.1] we present graphically our current knowledge
about the relations between some graph polynomials. Some open problems men-
tioning unknown relations and other questions for further research are given in
Section[6.2]
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6.1 An Overview about Graph Polynomials

We summarize the most of our knowledge about the relations between different
graph polynomials in Figure There we display a “graph of graph polynomi-
als”, where the vertices represent graph polynomials and where an directed edge
from graph polynomial A to graph polynomial B means that B can be calculated
from A in the case of graphs.

Please note the following remarks for the dashed edges:

e the relation from the|U-polynomial|to the|covered components polynomiall
holds only for simple graphs,

e for the calculation of the and the Negami polynomiall from the

[Tutte polynomial| the number of vertices is necessary.

6.2 Open Problems

We list some of the questions still open, mostly regarding relations of the men-
tioned graph polynomials. Some of them arise from some “missing edges” in
Figure[6.1|and could be answered in the negative by finding some specific pair of
non-isomorphic graphs having some graph polynomial in common, but not some
other one.

All recurrence relations discussed in this work are linear, with exception of
one given for the|characteristic polynomial|in Equation (3.57) .

Question 1. Are there other non-linear recurrence relations for graph polynomials?

The [chromatic symmetric function| can be generalized to a “bad coloring”
version, which we denote as|bad coloring symmetric function| X (G, X, z). This is

equivalent to the [U-polynomial| [107, Theorem 6.2].
Question 2. Is there a “direct combinatorial” relation between the [bad coloring]

[symmetric function| and the|trivariate chromatic polynomial?

There are some graph polynomials generalized by both the

Imatic polynomialland [extended Negami polynomiall But nothing is known about
their relation to each other.

Question 3. Are the [trivariate chromatic polynomial and the extended Negami

related (for graphs / forests)?

We know that there are pairs of non-isomorphic trees with the same
[components polynomiall but different [Wiener polynomiall but are not aware of
examples for the other way around.

Question 4. Is the|Wiener polynomial a generalization of the|covered components

for forests?
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Figure 6.1: A “‘graph of graph polynomials” presenting the relations between

different graph polynomials.
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The [generalized subgraph counting polynomiall generalizes the
[chromatic polynomiall Can the [generalized subgraph counting polynomiall be
defined in terms of colorings which makes this relation obvious?

Question 5. Is there a|coloring expansion| of the |generalized subgraph counting

polynomial?

There are some other graph polynomials generalizing the same graph polyno-
mials as the(generalized subgraph counting polynomial| It seems that the relation
between these graph polynomials is not yet considered.

Question 6. Are the [generalized subgraph counting polynomial, the |extended
[Negami polynomial, and thelhomomorphism polynomial related to each other (for
graphs / forests)?

Question 7. Is the |generalized subgraph counting polynomial a “most general
graph polynomial” with respect to the recurrence relation it satisfies?

If we restrict the recurrence relations to those with § = 0, is then the
[elimination polynomial|also most general or are by the independence of the fac-
tors for a link and a loop other graph polynomials possible?

Question 8. Is there a most general graph polynomial satisfying Theorem|[5.16 in
the case 6 = 07



Appendix A

List of Graph Polynomials

In this appendix we list some literature and a definition for the used graph poly-
nomials. If possible, the definitions are given in such a way, that they can easily
be generalized to hypergraphs.

Adjoint polynomial h(G, x)
Literature: [52;(97;159;160; 162]].
Definition A.1 (Section 11.1 in [52]]). Let G = (V,E) be a simple graph. The
ladjoint polynomial h(G, x) is defined as
h(G, x) Z xI” (A1)
m€ll; (G)

where G = (V, (‘g) \ E).

Bad Coloring Polynomial (G, x, y)
Literature: [33;|54;(66; (129} 140} 142} 147} 149]].

Definition A.2 (Page 63 in [147]]). Let G = (V, E) be a graph. The
[polynomial y (G, x, z) is defined (for x € IN) as

¥(G,x,z) = Z l_l z. (A.2)

ecE
dcVYoee: ¢(v)=c

Bad Coloring Symmetric Function X (G, X,2)

Literature: [38;(107;|122;(131].

Definition A.3 (Definition 3.1 in [131]]). Let G = (V,E) be a graph. The
|coloring symmetric functioan G, X, z) is defined as

X(G,X,z) Z ]_l X (o) 1_[ 1+z. (A.3)

coloring ¢ veV ecE
dcVYovee: ¢(v)=c
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Bivariate Chromatic Polynomial P(G, x, y)

Literature: [4;5;49;|50;|73;77;78].

Definition A.4 (Section 1 in [50]). Let G = (V,E) be a graph. The
[chromatic polynomial] P(G, x, y) is defined as

PG.x,y)= Y I 0. (A.4)

¢:V—{1,.., x} e€E
dc<yVovee: ¢(v)=c

Characteristic Polynomial ¢(G, x)

Literatur[[44; |67} 805 117} 119;|136]

Definition A.5 (Section 0.1 in [44]). Let G = (V, E) be a graph with adjacency
matrix A(G). The|characteristic polynomial ¢(G, x) is defined as

$(G, x) = det(xI] — A(G)), (A.5)

where I is the identity matrix of format |V| X |V].

Chromatic Polynomial y (G, x)

Literature: [8; 13} [14; |16} [17; (18} |19} |20; [23} 37; [52} (103} (112} |114; [115} 128} 141}
151} (1525 |153; [161]].

Definition A.6 ([18]], Section 2 in [151]). Let G = (V, E) be a graph. The
[matic polynomial (G, x) is defined (for x € IN) as

xGx)= [T o (A.6)

:V—-{1,..., E
¢ . dc Vveeee: $(v)=c

Chromatic Symmetric Function X (G, X)

Literature: [38;(101;(130;131]].

Definition A.7 (Definition 2.1 in [[130]]). Let G = (V, E) be a graph. The
|matic symmetric function X (G, X) is defined as

X(G,X) = Z l_l Xp(v)- (A.7)

proper coloring ¢ veV
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Clique Polynomial C(G, x)
Literature: [58;69; 75} 96].

Definition A.8 (Definition 2.1 in [75]). Let G = (V, E) be a simple graph. The
[cligue polynomialis defined as

C(G,x) =

V|
Ci (G)xi ’ (AS)

i=0

where c;(G) is the number of complete subgraphs of G with exactly i vertices.

Covered Components Polynomial C(G, x, y, z)
Literature: [3;/6;139].

Definition A.9 (Definition 3 in [139]). Let G = (V,E) be a hypergraph. The
[covered components polynomial C(G, x, y, z) is defined as

C(G,x,y,z) = Z Xk (G ylA 26(GA), (A.9)
ACE

Edge Coloring Polynomial y’(G, x)

Literature: 70].

Definition A.10 (Section 2 in [[70]). Let G = (V, E) be a graph. The
X' (G, x) is defined as

YGx= > []ro, (A.10)

¢: E—{1,..., x} veV

with

y() = {0 if dej,ep € E: g Uey 2 {v} V d(e1) = dler), (A11)

1 otherwise.

Edge Elimination Polynomial ¢(G, x, y, z)
Literature: [3} |4} 5; (6} |7; 76|77, (78} 138} 139]].
Definition A.11 (Equation (13) in [4]). Let G = (V,E),G', G* be graphs and

e € E an edge of G. The |edge elimination polynomial ¢(G) = &(G,x,y,z) is
defined as

§(G) = 8(G=e) +y - &(Gye) + 2+ E(Gre), (A.12)
EG'UG’) = E(GY) - £(GP), (A.13)
£(Ky) = x. (A.14)
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Extended Negami Polynomial f (G,t,x,y,2)

Literature: [105;|106].

Definition A.12 (Page 327 of [105]). Let G = (V,E) be a graph. The
|Negamipolynomial|f(G, t,x,y, z) is defined (for t € IN) as

fGtxyn= >  [[wo, (A.15)

where

x+y ifVoee: ¢(v) =1,
w(e) =qz+y ifdc#1Yvee: ¢p(v) =c, (A.16)
y if AcVov € e: ¢(v) = c.

Extended Subgraph Counting Polynomial H'(G, v, x, y)

Definition A.13 (Definition[4.13). Let G = (V, E) be a hypergraph. The [extended
[subgraph counting polynomial H' (G, v, x, y, z) is defined as

H (G,v,x,y,z) = Z v'Wlxk(H)ylFlzc(H). (A.17)
H=(W,F)CG

Generalized Subgraph Counting Polynomial F(G, v, x, y, 2)

Definition A.14 (Definition[5.1). Let G = (V, E) be a hypergraph. The
lized subgraph counting polynomial F(G, v, x, y, z) is defined as

F(G,v,x,y,2) = Z vlwlxk(H)ylFlzlE(G[W])l. (A.18)
H=(W,F)CG
Homomorphism Polynomial H(G, k, x, y, z)

Literature: [59].

Definition A.15 (Page 1044 in [59]). Let G = (V, E) be a graph. The [homomor{
[phism polynomial H(G, k, x, y, z) is defined (for k, x,y, z € IN) as

H(G,k,x,y,z) = hom(G, Hx x,y,z), (A.19)

where the graph K}( is a complete graph on k vertices with [ loops attached at
each vertex and the graph Hy 4, . arises by the join of a K7 with the disjoint
union of y copies of KZ.
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Hyperedge Elimination Polynomial ¢(G, x, y, z)
Literature: [150].

Definition A.16 (Defintion 1 in [[150]). Let G = (V, E) be a hypergraph. The
|hyperedge elimination polynomial £ (G, x, y, z) is defined as

£(G,x,y,2) = Z K(GLAUB) ~k(GIB)) |41+ BI-k(GLB) K(GIBD (A 20)
(ALB)CE

where (A U B) C E is used for the summation over pairs of edge subsets
(A,B): A,B C E, such that the set of vertices incident to the edges of A and B
are disjoint: | J,cqe N Ueqepe = 0.

Independence polynomial I(G, x)
Literature: [31;(68;(94;95].

Definition A.17. Let G = (V,E) be a graph. The |independence polynomial
I(G, x) is defined as

I(G,x) = Z [W is independent set] XM, (A.21)
wev

Matching Polynomial M(G, x, y)

Literature: [56;|64;(71; 805 93]
Definition A.18. Let G = (V, E) be a graph. The|matching polynomia]l M (G, x, y)

is defined as

M(G,x,y) = Z [A is matching] x'Vl_erEAelylAl. (A.22)
ACE

Negami Polynomial (G, ¢, x, y)
Literature: [63;(104;(105;|106};[109].

Definition A.19 (Page 601 in [104]). Let G = (V,E) be a graph. The
[polynomial f (G, t, x,y) is defined as

f(G,t,X, y) =X 'f(G/e’t’x’ y) +y 'f(G—e’t’x’ y)’ (A23)
f(En, t,x,y) = t". (A.24)

Partition Polynomial Q(G, x)

Literature: [127]].
Definition A.20. Let G = (V, E) be a graph. The |partition polynomial Q(G, x) is
defined as

QG x) = >« (A.25)
)

nell. (G
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Potts Model Z(G, x, y)

Literature: [128}(129;|149;156]].

Definition A.21 (Equation (1.1) in [129]). Let G = (V,E). The
Z(G, x,y) is defined as

Z(G,x,y) = Z xk(G<A>)y|A|. (A.26)
ACE

Rank Polynomial R(G, x, y)

Literature: [142;|143].
Definition A.22 (Equation (5) in [142]). Let G = (V,E) be a graph. The
[polynomial R(G, x, y) is defined as

RG.x.g) = Y xTOA A= G (A.27)
ACE

where r(G(A)) = |V| — k(G(A)).

Rank-generating Function S(G, x, y)
Literature: [25}33;(147].
Definition A.23 (Section 6.2 in [33]]). Let G = (V,E) be a graph. The
lgenerating function|S(G, x, y) is defined as
S(G,x,y) = Z X E)=r(A)lAl-r (@A) (A.28)
ACE

where r(A) is the rank of the set A in the cycle matroid of G, i.e. r(A) = |V]| -
k(G(A)).

Reliability Polynomial R(G, p)
Literature: [23;[36; 40} 54} 65;(112;(149].

Definition A.24 (Equation (3.4.1) in [149]]). Let G = (V, E). The|reliability pol
[nomia] R(G, p) is defined as

R(G,p) = Y [k(G(A)) = 1]pMI(1 = p)!E\A, (A.29)
ACE
Subgraph Component Polynomial Q(G, x, y)
Literature: [7;|59;134]].

Definition A.25 (Section 1.1 in [134])). Let G = (V, E) be a graph. The [subgraph]
[component polynomial Q(G, v, x) is defined as

0(G,v,x) = Z I Wixk(GIWD), (A.30)
wcv
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Subgraph Counting Polynomial H(G, v, x, y)
Literature: [138].

Definition A.26 (Definition[4.8). Let G = (V, E) be a hypergraph. The
[counting polynomial H(G, v, x, y) is defined as

H(G,v,x,y) = Z v'wlxk(H)ylFl. (A.31)
H=(W,F)CG

Subgraph Enumerating Polynomial P(G, u, v, p)
Literature: [29].

Definition A.27 (Equation (1) in [29])). Let G = (V, E) be a graph. The
lenumerating polynomial P(G, u, v, p) is defined as

P(G,u,v,p) = Z UG Al (G ) (A.32)
ACE

where i(G) is the number of non-isolated vertices in G.

Trivariate Chromatic Polynomial IS(G, x,Y,2)
Literature: [59;(138]].

Definition A.28 (Definition[4.19). Let G = (V, E) be a hypergraph. The|[trivariatd
chromatic polynomial P(G, x, y, z) is defined (for x,y € IN) as

P(G, x, Y,z) = Z 1_[ z. (A.33)

ecE
dc<yVoee: ¢(v)=c

Trivariate Chromatic Polynomial by White P(G, p, q, t)

Literature: [[150].

Definition A.29 (Section 6 in [150]). Let G = (V,E) be a hypergraph. The

[trivariate chromatic polynomial by Whitd P(G, p, q, t) is defined (for x,y € IN) as
PG.p.q.t)= . I L. (A34)

ecE
dc<pVYovee: ¢(v)=c

Tutte Polynomial T(G, x, y)
Literature: [[1;|2; 8; 12} 21526} (32533} |35;39; |41; [42; 455 [54; 615 |66} |74 [84; 187; 88
08;|111;|113;(129; (135 (141} [144; (147} [148]].

Definition A.30 (Section 3 in [[141]). Let G = (V,E) be a graph with a linear
order < on the edge set E. The|Tutte polynomial T(G, x, y) is defined as

T(G,x,y) = Z xI(F:G:<) e (F.G.<) (A.35)
FeF(G)
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U-polynomial U(G, X, y)
Literature: [107].

Definition A.31 (Proposition 5.1 in [107]]). Let G = (V, E) be a graph. The
U(G, X, y) is defined as

V]
ki (G(A ZIVe
UG X.y)= Y [ [« My - pylai-IViskiGean, (A.36)
ACE i=1

where k;(G) is the number of connected components of G with exactly i vertices.

Vertex-cover Polynomial ¥(G, x)

Literature: [51].

Definition A.32. Let G = (V, E) be a graph. The|vertex-cover polynomial ¥(G, x)
is defined as

¥Y(G, x) = Z [W is vertex-cover] x!"!, (A.37)
wcv

where a vertex subset W C V is a vertex-cover in G, if for each edge e € E there
is a vertex incident to e in W, i.e.e N W # 0 for all edges e € E.

Wiener Polynomial W(G, q)

Literature: [46; 53;(79;180; 183511025 11205 (1215|1545 (1555|157} 158].

Definition A.33 (Equation (1) of [120]]). Let G = (V, E) be a connected graph.
The |Wiener polynomial W (G, q) is defined as

WG = > ¢, (A.38)

(wve(?)

where d(G, u, v) is the distance of the vertices u and v in G.



Glossary

adjoint polynomial

bad coloring polynomial 53]
bad coloring symmetric function

bivariate chromatic polynomial
broken-cycle expansion

broken-cycle representation

characteristic polynomial
chromatic polynomial
chromatic symmetric function
clique polynomial

coloring expansion

coloring representation

covered components polynomial
84,85 BI

edge coloring polynomial

edge elimination polynomial
B1} B3} B51 [36] B9

edge elimination polynomials

edge mapping representation

edge subset expansion
edge subset representation
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extended Negami polynomial 86}
extended subgraph counting polynomial 51]
generalized subgraph counting polynomial 78]

generating function representation

homomorphism polynomial
homomorphism representation

hyperedge elimination polynomial
independence polynomial

matching polynomial
matrix representation

matroid representation

Negami polynomial

partition polynomial

partition representation

Potts model [25][41] [45] [47} [o1] [62] [65] [6¢] [76] [77] [81} [84} 85| [92]

rank polynomial
rank-generating function

recurrence relation representation
reliability domination expansion
reliability domination representation

reliability polynomial

spanning forest expansion
spanning forest representation

spanning tree representation

spin model
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spin model expansion
state model [21]
subgraph component polynomial [64-66] 77

subgraph counting polynomial
B51 93]

subgraph enumerating polynomial
subgraph expansion

subgraph representation

trivariate chromatic polynomial 55} |57H59} 86},
trivariate chromatic polynomial (White)

Tutte polynomial
U-polynomial

value representation

vertex mapping representation
vertex model
vertex subset expansion

vertex subset representation
vertex-cover polynomial

weighted graph polynomial

Wiener polynomial
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